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Abstract

We study an allocation problem without monetary transfers where agents hold pri-
vate information about one another, modeled as a general form of correlated informa-
tion. Such peer information is relevant in a number of settings, including science fund-
ing, allocation of targeted aid, or intra-firm allocation. We study optimal dominant-
strategy incentive-compatible (DIC) mechanisms and provide characterizations using
techniques from the theory of perfect graphs. Optimal DIC mechanisms tend to be
complex and involve allocation lotteries that cannot be purified without upsetting in-
centives. In rich type spaces, nearly all extreme points of the set of DIC mechanisms are
stochastic. Finding an optimal deterministic DIC mechanism is NP-hard. We propose
the simple class of ranking-based mechanisms and show that they are approximately
optimal when agents are informationally small. These mechanisms allocate to agents
ranked highly by their peers but strategically deny the allocation to agents suspected

of having evaluated their peers dishonestly.
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1 Introduction

Consider the problem of a principal allocating a good among several agents without using
monetary transfers. The principal’s payoffs from the allocation depend on the agents’ private
information, but each agent wants the good for themselves. Taking a mechanism design
approach, we study how the principal can use peer information—information that agents
hold about one another—to implement desirable allocations. Important examples of the
use of peer information in practice include peer review in science funding, community-based
targeting of financial aid or credit, or the allocation of resources within organizations based
on information dispersed among several divisions.!

We model peer information as a form of correlated information. The principal’s values
from assigning the good to different agents are initially unobserved by all parties, but each
agent has a signal—their type—that is arbitrarily correlated with the entire profile of the
principal’s values. Agents may or may not observe their own values, and values may or may
not coincide with their willingness to pay. By studying peer information, we depart from
much of the mechanism design literature, which typically assumes that each agent knows
only their own value and that these values are statistically independent. The absence of
transfers, which play a limited role in the examples above, is another key departure from the
literature.?

Agents may be tempted to misreport the information that they hold about themselves
or others if doing so increases their own chances of receiving the good. These incentive
problems arise even when an agent is asked to only provide information about the other
agents, as they might discredit their peers to improve their own standing. Dishonest peer
assessments are documented in several empirical studies, for example, when allocating loans
to entrepreneurs (Hussam et al., 2022), identifying workers for a promotion (Huang et al.,
2019), or in lab experiments where payoffs are determined based on how subjects evaluate
each other’s performance on a task (Carpenter et al., 2010; Balietti et al., 2016).

To ensure incentives for honest reports, we focus on dominant-strategy incentive-compatible

(DIC) mechanisms; that is, each agent finds it optimal to report their type truthfully, re-

IFor field studies on targeting with community information, see e.g. Alatas et al. (2012), Alatas et al.
(2019), or Hussam et al. (2022). The oil and gas company BP used a peer review mechanism for capital
expenditure authorizations across business units (Goold, 2005). Other examples of peer information include
group members selecting a leader based on nominations (e.g. Alon et al., 2011; Holzman and Moulin, 2013),
job promotions being decided based on feedback from colleagues who are also vying for a promotion (Huang
et al., 2019), and hiring in the gig economy relying on peer assessments of other applicants (Kotturi et al.,
2020). See the survey by Olckers and Walsh (2024) for further examples.

2To understand peer information per se, we also abstract away from non-monetary screening devices that
may be relevant in practice, such as costly verification (e.g. Ben-Porath et al., 2014), ex-post punishments
(e.g. Mylovanov and Zapechelnyuk, 2017), or promises of future allocations (e.g. Guo and Horner, 2021).



gardless of what the agent believes about the other agents’ types or reports. In our setting,
DIC precisely means that an agent’s report can never increase their own chances of getting
the good. However, an agent’s report can still be used to determine the allocation among
the other agents.

Since DIC mechanisms provide incentives that are robust to beliefs, peer information
cannot be used to screen an agent via their beliefs about the types of their peers. The belief-
screening channel is at the heart of the classical constructions of Crémer and McLean (1985,
1988) and McAfee and Reny (1992) in settings with monetary transfers. The channel is also
crucial in a few recent papers without transfers that show how to cross-check an agent’s
report with external signals that are correlated with the agent’s type (Kattwinkel, 2019;
Bloch et al., 2023; Kattwinkel and Knoepfle, 2023; Pereyra and Silva, 2023).% In contrast,
our focus is entirely on how peer information can be used to guide the allocation; we do not
exploit correlation as a screening device.

The following class of jury mechanisms is an instructive starting point. Before consulting
anyone, the principal assigns some agents the role of “jurors,” the others the role of “candi-
dates.” The jurors’ reports determine which candidate gets the good. Jurors never win, and
candidates are never consulted. Jury mechanisms are DIC and resemble mechanisms used
in practice. For example, scientific peer review is founded on the idea that reviewers should
have no stake in the decision. But are jury mechanisms optimal? For example, is it possible
to improve the mechanism by also eliciting information from the candidates? We show that
jury mechanisms are optimal in two special cases: if there are two agents and the principal
can keep the good, or if there are up to three agents and the principal must allocate the
good. In general, however, other DIC mechanisms can outperform jury mechanisms.

We contribute two sets of results. First, we characterize DIC mechanisms, showing that
optimal DIC mechanisms tend to be complex and involve randomization. Second, we present
a simple, interpretable class of DIC mechanisms that is approximately optimal when agents
are informationally small. Informational smallness roughly means that no agent alone has
information that is crucial for evaluating a large fraction of the other agents. In the main text,
we focus on the problem where the principal can keep the good, but we provide analogues
for all main results if the good must be allocated.

For the first set of results, we characterize DIC mechanisms using an auxiliary undirected
graph. This graph encodes the main trade-off in our problem: by allocating to an agent at

a given type profile, the principal commits to ignoring the agent’s information and must

3Kattwinkel et al. (2022) is the only other paper that studies correlated information across agents, i.e.,
correlated types, in an allocation problem without transfers. The key difference is that Kattwinkel et al.
(2022) consider Bayesian IC mechanisms. We discuss this paper in more detail in Section 8.



therefore allocate to the agent at all type profiles that differ from the given profile only in
the agent’s report (otherwise the agent could influence their allocation by misreporting).
Vertices of the graph represent commitments to allocate to an agent across type profiles, and
edges represent commitments that are incompatible with feasibility (there is only one good
to allocate). A mechanism must make non-conflicting commitments, i.e. select non-adjacent
vertices. Thus, in graph-theoretic terms, deterministic DIC mechanisms are stable sets of
the graph, and stochastic DIC mechanisms are fractional stable sets.

We use this graph-theoretic perspective to investigate the extreme points of the set of
DIC mechanisms. Extreme points are crucial for two reasons. First, every DIC mechanism
can be represented as a randomization over extreme points. Second, for every extreme point,
there is an environment that renders this extreme point uniquely optimal. Thus no extreme
point can be disregarded a priori as a potential candidate for optimality.*

Using results from the theory of perfect graphs (Chvatal, 1975; Chudnovsky et al., 2006),
we find that the set of DIC mechanisms typically admits stochastic extreme points, i.e.,
mechanisms that for some reports allocate randomly and where this randomization cannot
be purified without upsetting incentives. More precisely, stochastic extreme points exist
if and only if there are at least three agents and at least one agent has at least three
possible types.> Moreover, when each agent has many possible types, essentially all extreme
points are stochastic: the set of deterministic DIC mechanisms, all of which are extreme,
constitute a vanishing fraction of the set of extreme points. We interpret the prevalence of
stochastic extreme points to mean that randomization permits a more flexible aggregation
of peer information: stochastic DIC mechanisms can better resolve the trade-off between
allocating to an agent and using the agent’s information since the agent may win with some
probability but still influence how the remaining probability is distributed among the other
agents. From a technical perspective, we trace this effect to how stochastic mechanisms
distribute allocation probability around certain cycles—odd holes—in the auxiliary graph.

Beyond the prevalence of stochastic extreme points, it is difficult to obtain qualitative
economic insights about optimal DIC mechanisms. To make this point, we leverage the
representation of deterministic DIC mechanisms as stable sets of our auxiliary graph to show
that the problem of finding an optimal deterministic DIC mechanism is NP-hard.® While this

4The extreme points approach has gained traction in the mechanism design literature in recent years
(e.g. Manelli and Vincent, 2007; Manelli and Vincent, 2010; Kleiner et al., 2021). However, none of the
existing results can be applied to our specific setting without transfers and with correlation.

5In the model, the number of possible types per agent is finite and at least two.

6Related hardness results are known for canonical mechanism design problems with transfers and corre-
lation. Papadimitriou and Pierrakos (2011, 2015) show hardness of finding an optimal deterministic ex-post
IC and IR mechanism for auctioning a single good to bidders with correlated private values. Papadimitriou
et al. (2016, 2022) show hardness of finding an optimal deterministic IC mechanism for selling to a single



result has straightforward implications for computational tractability, our primary interest
lies in the economic implications. Specifically, if one could give a simple economic description
of deterministic DIC mechanisms, then this description should suggest a computationally

7 According to

efficient procedure for finding an optimal deterministic DIC mechanism.
our result, however, such an efficient procedure does not exist under the widely believed
P # NP conjecture. Although there is no formal notion of conceptual complexity in the
mechanism design literature, establishing computational complexity is arguably the best
available proxy.® Note that the lack of a simple economic description extends to all (possibly
stochastic) optimal DIC mechanisms since every deterministic DIC mechanism is uniquely
optimal in some environment, meaning any description of optimal DIC mechanisms a fortiori
requires a description of deterministic DIC mechanisms.

For our second set of results and motivated by the conceptual and computational com-
plexity of optimal DIC mechanisms, we turn away from exact optimality. Instead, we identify
interpretable DIC mechanisms that are approximately optimal among all DIC mechanisms.
To that end, we define an agent’s peer value as the principal’s expected value of allocating
to the agent based only on the reports of the other agents. No DIC mechanism does better
than always allocating to an agent with the highest peer value. We therefore investigate
mechanisms that allocate to agents who are ranked highly according to their peer values.

We propose ranking-based mechanisms, which work as follows. Since agents can diminish
the peer values of the other agents, it is not incentive compatible to naively rank agents
according to their peer values and randomly select a winner above a given rank threshold.
In a ranking-based mechanisms, instead, if an agent above the threshold has been selected
to receive the good, the principal first checks for a conflict of interest: does the agent pass
the rank threshold robustly, regardless of the agent’s report about their peers? Intuitively,
the agent must pass the bar in a hypothetical scenario where the agent appraises their
competitors (thereby diminishing their own rank). If the agent passes the check, they receive
the good. Otherwise, if a conflict of interest is detected, the principal keeps the good.

Ranking-based mechanisms are approximately optimal when agents are informationally
small. Indeed, for a given rank threshold, the mechanism performs badly only at type profiles

where relatively few agents are robustly above the threshold. At such a profile, the principal

buyer in a repeated interaction over two periods when valuations are correlated across periods.

"Papadimitriou et al. (2016, see their introduction) use computational complexity to draw an analogous
conclusion regarding the non-existence of a simple characterization of optimal ex-post IR auctions with
correlated values.

8Conversely, in the context of the multi-good monopoly problem, Hart and Nisan (2017, Section 1.1)
argue that even computationally tractable problems may still be complex on a “conceptual” level “since, even
after computing the precise solution, one may not understand its structure, what it means and represents,
and how it varies with the given parameters.”



inefficiently withholds the good with high probability. The performance of the mechanism
thus hinges on the impact that any individual agent’s report has on the rank of their own peer
value. We refer to this impact as the environment’s informational size.” The performance
of a ranking-based mechanism admits a lower bound that depends on informational size
and that holds type profile-by-type profile. For vanishing informational size, the principal
inefficiently withholds the good only with vanishing probability. By suitably increasing the
rank threshold as informational size vanishes, ranking-based mechanisms approximate the
performance of optimal DIC mechanisms.

Informational size is naturally small in many applications of interest. For example,
suppose there is an underlying social network and that each agent has information only
about their neighbors in this network. In the applications given earlier, this could be the
researchers working on nearby subfields, the literal neighbors in a community, or the firm’s
divisions situated at the same geographic location. In this setup, informational size is small
if the network’s neighborhoods are small relative to the overall size of the network; that is, if
subfields are narrow, one’s neighbors constitute a small fraction of the overall community, and
the divisions of the firm are spread across many locations. As another example, even if each
agent holds information about all other agents and can therefore influence everyone else’s peer
value, informational size is still small if no agent has information that is crucial for evaluating
a large fraction of the other agents. In these applications, ranking-based mechanisms thus
demonstrate how to provide incentives for honest evaluations while sacrificing little economic
efficiency. Relative to jury mechanisms, ranking-based mechanisms also have the appeal of
not outright excluding any agent: everyone’s information is collected, and everyone is a

potential recipient of the good.

Outline. In the next section, we describe the model and make some preliminary observa-
tions. In Section 3, we show that jury mechanisms are optimal if there are few agents. In
Section 4, we introduce the auxiliary graph. In Section 5, we characterize extreme points of
the set of DIC mechanisms, emphasizing the prevalence of stochastic mechanisms. In Sec-
tion 6, we discuss the structure of deterministic DIC mechanisms. In Section 7, we turn to
approximate optimality and ranking-based mechanisms. In Section 8, we discuss the related
literature in greater detail, and Section 9 collects some concluding remarks. All proofs are

in Appendix A. Appendix B collects supplementary material.

9Similar notions of informational size appear in earlier work on mechanism design and general equilibrium
with information asymmetries (e.g., Gul and Postlewaite, 1992; McLean and Postlewaite, 2002, 2015; Gerardi
et al., 2009; Andreyanov and Sadzik, 2021).



2 Model and Preliminaries

2.1 Model

Environment. A principal allocates a good among a number n of agents, where n > 2.
Let [n] = {1,...,n} denote the set of agents. Each agent i enjoys a payoff of 1 if allocated
the good and a payoff of 0 otherwise.!® The principal’s payoff from allocating to agent i is
given by u; € [—1,1]. The principal’s payoff from keeping the good is normalized to 0.

The payoff profile (uq, ..., u,) is initially unobserved by all parties. However, each agent
1 has a private type 6; from a finite type space ©; that is informative about the payoff profile
(and the types of the other agents). The joint distribution of payoffs and types is given by
a Borel probability measure p on © x [—1, 1]", where © denotes the set of type profiles with
typical element 6 = (64, ...,0,). Each agent i has at least two possible types, |©; > 2.

Notation. As usual, the set of type profiles of agents other than i is denoted ©_; with
typical element 6_;. For a profile § € O, we write u(0_;) and p(f) to mean the marginal
probabilities of 6_; and 6, respectively. We also write E[u;|0] for the conditional expectation

of u; given 0 (provided p(6) > 0, else we arbitrarily define E[u;|0] = 0).

Mechanisms. A (direct) mechanism is a function ¢: © — [0, 1]" such that > | ¢:(0) <1
for all § € ©. Here, ¢; denotes agent i’s winning probability.!! Since there is only one good
to allocate, the sum of winning probabilities is less than 1. The principal keeps the good
whenever the sum is strictly less than 1 at some type profile.

A mechanism is dominant-strategy incentive-compatible (DIC) if ¢;(0;,0_;) > ¢;(0},0_;)
holds for all i € [n], 0;,0; € ©, and §_; € ©_;. It is easy to see that a mechanism ¢ is DIC
if and only if each agent i’s allocation is constant in their own report; that is, ¢;(6;,0_;) =
¢i(0.,0_;). When denoting DIC mechanisms, we henceforth drop i’s type from ¢’s winning
probability, i.e., ¢;(0_;) = ¢;(0). Throughout the paper, we focus on DIC mechanisms. The
set of DIC mechanisms is denoted by (). The Revelation Principle applies.

The principal’s utility from a DIC mechanism ¢ is denoted U(q) and is given by

= > ul0)ai(0-)E[uw]6).

0€0 ic[n]

1ONothing in our analysis would change if the agent’s payoff from being allocated the good would depend
on the agents’ private information, provided that this payoff never changes sign. Indeed, the good could be
a bad (e.g. an undesirable task), in which case the payoff is negative.

10ne can alternatively interpret the good as a divisible resource. Agent i’s share of the resource is
denoted ¢;, and the principal’s payoff from allocating to agent 4 is linear in g;.



A DIC mechanism is optimal if it maximizes the principal’s utility across all DIC mechanisms.
A mechanism ¢ is deterministic if ¢;(0) € {0,1} for all ¢ € [n] and § € ©. A mechanism is

stochastic if it is not deterministic.

2.2 Examples of peer information

Our model nests various forms of peer information:

e Correlated information in mechanism design is often modeled by assuming that u; = 6,.
That is, each agent privately knows their value, and information about the other agents’
values is captured entirely by correlation between the values of different agents.

e In the peer selection literature (e.g. Alon et al., 2011; Holzman and Moulin, 2013),
the principal selects an agent based on nominations from their peers. We can nest
the peer selection problem by assuming that each agent ¢’s type 6; equals the identity
j of another agent. To model a principal who aims to select an agent with many
nominations, we could let the payoff u; from allocating to an agent j be given by
uj = Zie[n}: iz; 1(0i = j). Similarly, we could capture agents’ submitting multiple
nominations, scores, rankings, etc. See Section 8 for a detailed discussion of the relation
of our paper to the peer selection literature.

e Suppose there is an underlying social network. For each i, let N(i) denote agent i’s
neighbors in the network. Agent ¢ privately observes u; and a noisy signal u; + ¢;; for

each of the neighbors j € N(i), where ¢;; is some random variable. Thus, agent i’s

type 0; is (w;, (uj + €5) jen))-

2.3 Peer values

For all i € [n] and 6_; € ©_;, we define the peer value of agent i at 0_; as u;(0_;) = E[u;|0_;].
The peer value captures the collective prediction of others about the value u; of agent 4. (If
wu(-;) =0, we arbitrarily put u,;(0_;) = 0.)

The principal’s utility from a DIC mechanism can be written in terms of the peer values:

for a DIC mechanism ¢, straightforward manipulations show

Ulg) = Z Z 1(0)qi (0—)u;(0—;). (2.1)

0O ic[n]

Thus, the principal can only elicit the agents’ peer information. Indeed, if agents have no
peer information in the sense that for all ¢ the peer value @;(0_;) is constant in 6_;, then (2.1)
implies that a constant mechanism that allocates to an agent ¢ with the highest unconditional

expected value E[u;] is optimal.



3 Jury mechanisms

As a benchmark, we briefly discuss jury mechanisms, the simplest class of DIC mechanisms

that meaningfully elicit information from the agents.

Definition 1 (Jury mechanisms). A mechanism ¢ is a jury mechanism if there is a partition
of the set of agents into jurors J and candidates C such that:
(1) jurors are never allocated the good (¢; = 0 for all i € J);

(2) candidates’ reports never influence the allocation (g is constant in 6; for all ¢ € C).

Jury mechanisms ensure DIC in the most straightforward manner: the agents that can

influence the allocation can never receive the good.

Theorem 3.1. If n = 2, then every DIC mechanism is a randomization over jury mecha-
nisms; in particular, a jury mechanism is optimal.

If n < 3, then every DIC mechanism q that always allocates the good (i.e., Zie[n] g =1)
15 a randomization over jury mechanisms; in particular, a jury mechanism is optimal among

mechanisms that always allocate.

With two agents, a jury mechanism involves one juror who recommends whether the
other agent (the candidate) should be allocated the good or whether the principal should
keep the good. With three agents in the must-allocate case, there is one juror who decides
between the two remaining agents (the candidates). Beyond these special cases, we shall see
that jury mechanisms are not generally optimal: the principal may do better by considering
all agents as sources of information and as potential recipients of the good.

Henceforth, we focus on mechanisms in which the principal may keep the good. The
one-agent difference in Theorem 3.1 holds more generally since, intuitively, mechanisms with
n agents can be thought of as mechanisms with n 4+ 1 agents that always allocate and where
one agent has no private information. We discuss the mandatory allocation case in more

detail in Section 9.

4 A Graph-Theoretic Characterization of DIC Mecha-

nisms

In this section, we characterize DIC mechanisms in terms of an auxiliary graph—the feasibil-
ity graph—which we will use to gain insights into the structure of optimal DIC mechanisms.

Recall that by allocating to an agent, in order to satisfy DIC, the principal commits to
also allocate to the agent at all type profiles that only differ in the agent’s type. Using



the notation ¢;(6_;), where we omit i’s type from i’s allocation in a DIC mechanism ¢, the
feasibility constraints read
Vo € O, Z qi(0-;) <1 (Feasibility)
i=1
The feasibility graph tracks commitments to allocate to different agents that are mu-
tually incompatible with the feasibility constraints. For example, the principal cannot si-
multaneously allocate to agent i at type profile (6;,6;,6_;;) and to another agent j at type
profile (6;,0,0_;;) since the principal would have to commit to allocate to both i and j at
(0;,6;,0_;;) in order to satisfy DIC. In other words, the commitments to allocate to agent
. . , : o
i when others report 6_; and to agent j when others report 6’ ; are incompatible if ¢;(¢ ;)
and ¢;(¢" ;) simultaneously appear in the same (Feasibility) constraint for some type profile.
Define V.= U, ({i} x ©_;) and think of each (i,0_;) € V as indexing the commitment to

agent ¢ at 6_;.

Definition 2 (Feasibility graph). The feasibility graph G is the undirected graph whose
vertex set is V = UL, ({i} x ©_;) and such that two vertices (i,6 ;) and (j,0" ;) are adjacent
if and only if i # 7 and there exists a type profile 6 such that 6_; = 6_; and é_j =0

The feasibility graph can be interpreted in terms of the principal’s trade-off between
allocating to an agent and using the agent’s information. Suppose the principal selects
vertex (i,6_;) (i.e. commits to give the good to agent ¢ when others report 6_;). Thus, the
principal cannot select any vertex (j, (6}, 6_;;)) for any j # i or 6] since these vertices are all
adjacent to (i,6_;). Conversely, if the principal does not select (i,6_;), then the principal
can decide for each 6] which vertex (7, (6;,6_;;)) to select (subject to the selected vertices
being non-adjacent to other vertices that might be selected). In the first case, the principal’s
benefits from allocating to 7; in the second case, from ¢’s information. In Appendix B.1, we
depict the feasibility graph in an example.

In graph-theoretic language, deterministic DIC mechanisms correspond to stable (or in-
dependent) sets of the feasibility graph G, and (possibly stochastic) DIC mechanisms cor-
respond to fractional stable sets of the feasibility graph G. A stable set of G is a subset
of pairwise non-adjacent vertices. A stable set S of G' can be mapped to a deterministic
DIC mechanism ¢ by setting ¢;(0_;) = 1((:,0-;) € S) for all (i,0_;) € V. Conversely, if ¢
is deterministic and DIC, then {v € V: g(v) = 1} is a stable set (where ¢(v) = ¢;(6_;) for
v =(1,0_;)). A fractional stable set of G is a function ¢ : V' — [0, 1] such that ) .~ q(v) <1
for all maximal cliques C' in G. Recall that a clique of G is a subset of pairwise adjacent
vertices, and a clique is maximal if it is not contained in another clique. Every type profile

corresponds to a maximal clique since the variables appearing in one (Feasibility) constraint



are all adjacent and since every two (Feasibility) constraints have at most one variable in

common. We summarize:

Lemma 4.1. There is a bijection between deterministic DIC mechanisms and stable sets of
the feasibility graph. There is a bijection between DIC mechanisms and fractional stable sets

of the feasibility graph.

Identifying an optimal DIC mechanism is tantamount to solving a combinatorial opti-
mization problem. Specifically, the peer values and the distribution of types imply weights
for the vertices of G; the weight on vertex (i,6_;) is u(6_;)u;(6—;). The problem of finding
an optimal deterministic DIC mechanism is the same as finding a stable set in the feasibility
graph G with the highest cumulative weight; this is an instance of the mazimum weight
stable set problem (MWSS). The problem of finding an optimal (possibly stochastic) DIC
mechanism is the fractional relaxation of this problem.

Next, we derive properties of optimal DIC mechanisms as consequences of this graph-

theoretic characterization.

5 Extreme Points and Stochastic Mechanisms

The main insight of this section is that the extreme points of the set of DIC mechanisms are
typically stochastic.!? That is, at some type profiles the object is allocated randomly, and
this randomization cannot be purified without violating DIC.

Extreme points are crucial for two reasons. First, the set ) of DIC mechanisms is given
by the convex hull of its extreme points since it is a polytope in Euclidean space (here, we
use the finiteness of the type spaces). Second, the maximum of the principal’s utility U
over () is attained at an extreme point of () since U is a linear functional. In fact, for each
extreme point, there exists a distribution of types and values for which this extreme point is
uniquely optimal.!® Therefore, extreme points characterize the set of DIC mechanisms, and
no extreme point can a priori be dismissed as irrelevant for optimization.

For conciseness, we say that a DIC mechanism is extreme if it is an extreme point of ().
All deterministic DIC mechanisms are extreme. The next theorem addresses the converse:

are all extreme DIC mechanisms deterministic?

12An extreme point of Q is a DIC mechanism that cannot be expressed as a convex combination of two
other DIC mechanisms.

13 The argument is as follows. Let ¢ be an extreme DIC mechanism. Since the set of DIC mechanisms is
a polytope in Euclidean space, the mechanism q is exposed; that is, there exists p: [n] x © — R such that
p-q>p-¢ for all DIC mechanisms ¢’ distinct from g. By possibly scaling p, assume p maps to [—1,1]. Let
the distribution of type profiles be uniform over all type profiles. For each agent i and profile 8, conditional
on 0, let u; be the degenerate random variable equal to p;(#). In the resulting environment, ¢ is uniquely
optimal.

10



Figure 1: An odd hole in the feasibility graph. The inner vertex labels show how a de-
terministic mechanism might allocate around the hole; the outer vertex labels show how a
stochastic mechanism might allocate around the hole.

Theorem 5.1. All extreme DIC mechanisms are deterministic if and only if at least one of
the following s true:
(1) there are at most two agents (n =2);

(2) all types spaces are binary (|10;] = 2 for all i € [n]).

(Recall that the model assumes n > 2 and |©;| > 2 for all i € [n].) Thus, except in two
special cases, deterministic mechanisms do not suffice for implementation and optimality.
But just how prevalent are stochastic mechanisms among the extreme points?

When type spaces are large, then all but a vanishing fraction of extreme DIC mechanisms
are stochastic. To state the result, let det () denote the set of deterministic DIC mechanisms,

and let ext () denote the set of extreme DIC mechanisms.

Theorem 5.2. Fix n > 3. For all ¢ > 0 there exists m € N such that if |©;| > m for all
i € [n], then |det Q| < e lext Q.

Stochastic extreme DIC mechanisms are characterized by certain cycles—odd holes—in
the feasibility graph G. For k € N, a set {vy,..., v} of k vertices of G is an odd (k-)hole
if £ > 5is odd and, for all j € {1,...,k}, in G the vertex v; is adjacent to v;_; and v,
(where v; = vg41) and to no other vertex from {vy,...,v;}. To state the next result, call a

stochastic component of ¢ an inclusion-wise maximal connected set of vertices v of G such
that ¢(v) € (0,1).1

Theorem 5.3. Let q be a stochastic DIC mechanism. If q is extreme, then every stochastic

component of q contains an odd hole. The converse holds if q(v) € {0, %, 1} for allv eV,

Theorem 5.3 shows why stochastic mechanisms can outperform deterministic mecha-

nisms: they can distribute allocation mass more flexibly around odd holes in the feasibility

1 Two vertices are connected if there is a path joining them.
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graph. For an illustration, consider Figure 1, which depicts an odd hole in the feasibility
graph. Each vertex of the hole is a commitment to allocate to a certain agent given a
combination of type reports of the other agents. Adjacent vertices are commitments that
are incompatible with the (Feasibility) constraints (and therefore cannot be selected simul-
taneously by a deterministic mechanism). A deterministic DIC mechanisms can select at
most three out of seven vertices from the hole. However, a stochastic DIC mechanism may
select all seven vertices, each with probability 1/2, and therefore distribute more total allo-
cation mass around the hole than any deterministic DIC mechanism. In particular, such a
stochastic DIC mechanism cannot be written as a convex combination of deterministic DIC
mechanisms. In Appendix B.1, we further elaborate on this example, showing in particular
how odd holes are embedded in the feasibility graph.

The proofs in this section are based on a theorem by Chvatal (1975) and the Strong Perfect
Graph Theorem (Chudnovsky et al., 2006). Recall that DIC mechanisms correspond to
fractional stable sets of the feasibility graph, while deterministic DIC mechanisms correspond
to stable sets. Chvatal (1975) shows that, for a general graph, every fractional stable set is
a convex combination of (incidence vectors of) stable sets if and only if the given graph is
perfect. The Strong Perfect Graph Theorem asserts that a graph G is perfect if and only
if neither G nor the complement of G admit an odd hole. (We define perfection and the
complement of a graph in Appendix A.1.1.)

We apply these technical results as follows, leveraging the special structure of the fea-
sibility graph. We first show that the feasibility graph admits no odd 5-holes and that its
complement does not admit odd holes at all. We obtain Theorem 5.1 (existence) by checking
the feasibility graph for odd holes of length 7 or more. We obtain Theorem 5.3 (characteri-
zation) by applying the technical results to each stochastic component separately. The proof
of Theorem 5.2 (prevalence) is more difficult since the number of stable sets diverges as the
number of possible types increases. However, we can show that the number of certain stable
sets in the feasibility graph increases more slowly than the number of odd holes, which is
sufficient to establish the result.

Further understanding extreme points of the set of DIC mechanisms requires understand-
ing deterministic DIC mechanisms, i.e., stable sets of the feasibility graph. One reason is
that every deterministic DIC mechanism is extreme. Another reason is that stochastic ex-
treme DIC mechanisms may also allocate deterministically on parts of the type space. For
example, consider a mechanism with a dummy agent whose report decides whether the prin-
cipal uses a stochastic extreme DIC mechanism or a deterministic DIC mechanism for the
remaining agents. A description of this class of n-agent mechanisms, in particular, requires

a description of all (n — 1)-agent deterministic DIC mechanisms. More generally, the de-
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terministic part of a stochastic extreme DIC mechanism ¢ can be an arbitrary stable set of
vertices that are all non-adjacent to the stochastic components of q. These stable sets are

themselves stable sets of the entire feasibility graph.

6 The Structure of Deterministic DIC Mechanisms

In this section, we study deterministic allocations. With two agents, deterministic DIC mech-
anisms are jury mechanisms (which are also the extreme points of the set of DIC mechanisms
by Theorem 3.1). Is there an equally straightforward characterization of deterministic DIC
mechanisms when there are three or more agents?

If n > 3, then the problem of finding an optimal deterministic DIC mechanism is NP-hard,
suggesting significant hurdles to any simple description of deterministic DIC mechanisms.

Before discussing the implications in more detail, let us state the formal result.

Definition 3 (OpPTDET-n). For n € N, let OPTDET-n be the following optimization prob-
lem. The input consists of finite sets O, ..., 0, and weights w; : ©_; — Z for all i € [n]. The
problem is to find a deterministic DIC mechanism ¢ (for n agents with respective type spaces

©4,...,0,) that maximizes Zw w;(0_;)q;(0_;) across all deterministic DIC mechanisms.!®

Theorem 6.1. Ifn > 3, then OPTDET-n is NP-hard.

This complexity is in contrast to many allocation problems with independent types where
optimal mechanisms can be succinctly described and interpreted in economic terms, often
immediately suggesting an efficient computational solution.'¢

For the proof, recall that deterministic DIC mechanisms correspond to stable sets of the
feasibility graph; the problem of finding an optimal deterministic DIC mechanisms is the
maximum-weight stable set problem (MWSS) on the feasibility graph. For general graphs,
it is well-known that MWSS is NP-hard. The content of Theorem 6.1 is that the same
conclusion holds even for feasibility graphs. Roughly speaking, we can simulate adjacencies
in any graph via induced paths in a feasibility graph for appropriately chosen type spaces

and weights.

15Tn a given environment, the weights of interest are given by w;(0_;) = p(6_;)u;(0_;) for all (i,0_;).
Conversely, all weight vectors can result from some environment (up to rescaling). Computation requires
that weights are given as integers or rational numbers.

6For example, consider the allocation problem without transfers in Ben-Porath et al. (2014), where
the principal can verify agents’ types at a cost. They characterize optimal mechanisms in terms of two
parameters: a type cutoff and a “favored” agent. This characterization immediately yields a computationally
efficient solution by exhaustive search over the two parameters. For efficient computational solutions in
settings with transfers, see e.g. Cai et al. (2012) and Alaei et al. (2019).
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Remark 6.2. The conclusion of Theorem 6.1 obtains if one restricts attention to the rela-

tively simple instances of OPTDET-n where all weights are in {0, 1}.

Beyond the straightforward implications regarding computation, Theorem 6.1 suggests
that there is no conceptually simple description of optimal deterministic DIC mechanisms
or of how they depend on the underlying distribution of types and values. This interpre-
tation rests on the premise that a conceptually simple description would imply an efficient
algorithm for finding an optimal deterministic DIC mechanism. Unless P = N P, however,
such an efficient algorithm does not exist. Although there is no formal notion of concep-
tual complexity in the mechanism design literature, establishing computational complexity
is arguably the best available proxy.

The lack of a conceptually simple description of optimal deterministic DIC mechanisms
extends to optimal (possibly stochastic) DIC mechanisms for two reasons.!” First, every
deterministic DIC mechanisms is extreme, and hence an indispensable candidate for opti-
mality; thus, a description of optimal DIC mechanisms entails a description of deterministic
ones. Second, as discussed in Section 5, stochastic optimal DIC mechanisms may allocate
deterministically on parts of the type space and describing these deterministic parts again

entails a description of deterministic DIC mechanisms.

Remark 6.3. One may wonder if more can be said about deterministic mechanisms if all
agents’ type spaces are binary. This is the special case identified in Theorem 5.1 where deter-
ministic DIC mechanisms are optimal among all DIC mechanisms. With n agents and binary
types, the feasibility graph is the line graph of the n-dimensional hypercube. In particular,
the problem of determining an optimal deterministic DIC mechanism corresponds to finding
an optimal weighted hypercube matching. Hypercube matchings have been investigated in
the mathematical literature; simple descriptions are not to be expected. For example, the
number of these matchings is unknown except for small n (Ostergard and Pettersson, 2013).

One can find a description of all (perfect) matchings for n < 4 in Fink (2009).

7 Approximate Optimality and Ranking-based Mecha-

nisms

In this section, we shift our focus from optimal DIC mechanisms to approximately optimal

ones. Optimal DIC mechanisms lack closed-form descriptions, and it is unclear how these

17This claim is about conceptual complexity, not computational complexity (see Footnote 8). The problem
of determining an optimal (possibly stochastic) DIC mechanism is solvable in polynomial time by linear
programming, although the number of variables and constraints is exponential in the number of agents.
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mechanisms depend on the underlying distribution of types and values, making it difficult to
institutionalize them in practice. In contrast, the ranking-based mechanisms that we propose
here are simple, and it is easy to see when and why they perform well. Specifically, we link
the performance of ranking-based mechanisms to the impact that any individual agent’s
report has on the rank of their own peer value. As we will argue, this impact is likely to be
small if there many agents.

Ranking-based mechanisms aim to allocate to agents who are ranked highly in terms
of their peer value w;(0_;) = E[u;|6_;]. Given a type profile 6, the agent with the highest
peer value receives rank 1, the second highest receives rank 2, and so on. Ties are broken
lexicographically, favoring agent 7 over agent j if ¢ < j. It is convenient to normalize all
ranks to be in [0, 1] by dividing by the number n of agents. Let r;() denote i’s rank at 6.'®

It is not incentive compatible to naively allocate the good to an agent with a high peer
value: agents can misreport their type to diminish the peer values of other agents, thereby

improving their own rank. Define
: 671 - i 91 Q,i .
i (0—:) = maxr;(6;, 0-;)
to be i’s robust rank at 6_;. Intuitively, the robust rank is obtained in a hypothetical scenario
where ¢ appraises their competitors, thereby diminishing their own rank.
A ranking-based mechanism randomly selects an agent ranked, say, in the top 10% of
peer values. The principal then allocates to the selected agent if and only if the agent’s

robust rank is still within the top 10%. Intuitively, the principal checks for a conflict of

interest: does the agent pass the bar regardless of what the agent claims about their peers?

Definition 4 (Ranking-based mechanism). Let p € (0,1). The ranking-based mechanism ¢*
with threshold p is defined for all ¢ € [n] and 0_; € ©_; by:

Lif r¥(6-,) < p and w;(6_;) > 0;
o~ {m ) Spand (o) 2
0 else.

Ranking-based mechanisms are DIC: ¢”(f_;) does not depend on agent i’s type report.
Moreover, ¢P is a feasible mechanism, never allocating more than is available: the number of
agents with a robust rank better than p is at most the number of agents with a rank better
than p which, in turn, is at most pn by definition of the rank.

A crucial factor for the performance of ranking-based mechanisms is the impact that any

individual agent’s report has on their own rank. We refer to this impact as the informational

Y¥Formally, r;(0) = 2 |{j € [n]: 4;(0_;) > @ (0_;)} + L |{j € [n]: (@;(0—;) = w;(0—;)) A (i > j)}.

15



size. Informational size is crucial since the mechanism may inefficiently withhold the good
with high probability at type profiles where many agents have a unilateral misreport that

raises their rank above the rank threshold.

Definition 5. For 0 € ©, the informational size at 0 is denoted §(#) and given by

5(0) = maX |ri(‘9i7 9_1) — Ti(eg, 0_1)| .
i€[n],0,€0;
The informational size is small if no agent has a large influence on the peer values of a large
fraction of other agents. Small informational size is a natural assumption in environments

with many agents. We illustrate informally with two examples.

Example 1. Informational size is small if each agent only influences the peer values of few
others (but possibly has a large influence on those). Suppose there is an underlying social
network. For each i, let N(i) denote agent ¢’s neighbors in the network. Agent ¢ privately
observes u; and a noisy signal u; + ¢;; for each of their neighbors j € N(i), where ¢;; is some
random variable. If the network is sparse in the sense that the degree |N(i)| of every agent is
small relative to the size n of the network, then the informational size is also small since each
agent’s report only influences the peer values of their neighbors. Besides the examples given
in the introduction, a sparse network may also arise from information acquisition constraints:

for example, in peer review, each researcher cannot feasibly assess all other researchers. A

Example 2. Informational size may also be small if each agent can influence the peer values
of many others, but influences each given peer value only to a small degree. Suppose each
agent ¢ privately observes w; and a noisy signal u; + ¢;; for every other agent j, where ¢;;
is some random variable. If the variables ¢;; are conditionally i.i.d. across ¢ for every j,
then the informational size of each agent i is typically small when there are many agents,
except at type profiles where peer values are highly concentrated.!® Alternatively, assume
each agent’s type specifies for every other agent a numerical rating between, say, 1 and 5.
Types could be correlated across agents. If the principal’s values are simply the average
peer ratings, then the informational size is typically small whenever there are many agents,

except at type profiles where peer values are highly concentrated. A

Remark 7.1. Other notions of informational size appear in earlier work on mechanism
design and general equilibrium with informational asymmetries (e.g., Gul and Postlewaite,
1992; McLean and Postlewaite, 2002, 2015; Gerardi et al., 2009; Andreyanov and Sadzik,

2021). In those models, the agents have private signals about an underlying unobserved state

19With unboundedly informative signals (e.g. normally distributed noise), informational size may also be
large at type profiles where extreme signal realizations significantly move the principal’s posterior.
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that is payoff-relevant for all agents; informational size measures the impact of individual
signals on the posterior about the state conditional on the full profile of private signals. For
our specific allocation problem, it is instead natural to define informational size in terms of

peer values and ranks.

The next result shows that ranking-based mechanisms become approximately optimal as
informational size vanishes probabilistically. The fact that informational size is only required
to vanish probabilistically allows for a small number of type profiles where the informational
size is large, such as type profiles where peer values are highly concentrated.

The result uses a minor technical assumption.

Definition 6 (Regularity). A sequence (n, O", u"),en of environments with associated peer

values (4*)yen is regular if for all € > 0 there exists n > 0 such that

Jingoun {9 €O % ’{] € [n]: uf(0;) +e> Illé?;l)fﬂ?(ﬁl)}‘ > 77} = 1. (7.1)

Regularity says that the number of agents who are competitive with the top-ranked agent
is proportional to the total number of agents. Regularity is consistent with the narrative
that it is difficult to distinguish the very best agents by peer evaluations alone (see e.g. the
discussion of Fang and Casadevall (2016) in the context of science funding). Nevertheless,
even if regularity is violated but informational size is small, ranking-based mechanism with
a threshold p close to 0 still allocate to the top agents with overwhelming probability—they

may just fail to pick up on the extraordinary value of the very best agent.

Theorem 7.2. Let (n,©", u"),en be a reqular sequence of environments. Suppose the asso-

ciated informational size (0™)nen converges to 0 in probability; that is, for all d > 0,
lim p" {0 € ©": §"(0) > d} = 0. (7.2)
n—o0

Then, the difference between the principal’s expected utility from an optimal ranking-based

mechanism and an optimal DIC mechanism vanishes as n — 0.

The proof goes as follows. Fixing p € (0,1) and letting the informational size vanish
in probability, we show that the ex-ante probability that ¢ withholds the good vanishes.
Conditional on being allocated, the good is allocated to an agent with rank below p. Under
regularity, if p is close to 0, the peer value of such an agent is close to the highest peer
value (with high probability). But no DIC mechanism can do better than always allocating
to the highest peer value, and this upper bound is approximately attained by the optimal

17



ranking-based mechanism. For every fixed environment, the proof also implies lower bounds
on the performance of ranking-based mechanisms in terms of p and informational size.

A broader insight is that incentives matter little for eliciting peer information when agents
are informationally small. For a fixed informational size, it is typically impossible to identify
and allocate to the agent with the highest peer value. The reason is that, by DIC, the princi-
pal cannot elicit an agent’s information about how the agent is ranked relative to others and
then use this information to decide whether to allocate to the agent. Optimally resolving this
tension requires complex DIC mechanisms (Sections 4 to 6). However, if informational size
is small, then an individual agent’s information is less important for determining their value
relative to others, and hence there is little loss from ignoring this information when decid-
ing the agent’s allocation. Therefore, simple ranking-based mechanisms can approximately

obtain the upper bound of always allocating to the agent with the highest peer value.

Remark 7.3. The performance of jury mechanisms (Section 3) in allocation problems with
many agents is less clear: vanishing informational size alone does not imply that jury mech-
anisms are approximately optimal (Appendix B.2.1). Jury mechanisms may underperform
since the roles of jurors and candidates are assigned before any information is elicited, but
whether agents fit their assigned roles may vary across type profiles. Nevertheless, when
there are many agents, there is intuitively little loss from ignoring the candidates’ reports
if, from an ex-ante perspective, agents are exchangeable as suppliers of information about
others. Likewise, there is little loss from excluding the jurors as potential recipients of the
good if, from an ex-ante perspective, agents are exchangeable as recipients of the good. In
Appendix B.2.2, we formalize two notions of exchangeability under which jury mechanisms

are indeed approximately optimal with many agents.

8 Related Literature

This paper relates to the literature on correlation in mechanism design, on allocation without
transfers, on peer selection, and on the role of randomization in mechanism design.

In settings with transfers, Crémer and McLean (1985, 1988) and McAfee and Reny (1992)
show how the principal can exploit correlation to extract all private information without
leaving information rents to the agents.?® The principal offers each agent a menu of side-
bets regarding the types of the other agents. Different types of a given agent hold different
beliefs about the types of others, leading different types to self-select into different lotteries

(under an assumption on the correlation structure). These constructions are infeasible in our

20See also Lopomo et al. (2022) for a recent treatment.
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problem since there are no monetary transfers and since we demand robustness to beliefs.!

Without transfers, Kattwinkel et al. (2022) characterize Bayesian IC (BIC) mechanisms
with two agents and correlated types when the principal must allocate the good. By contrast,
we focus on dominant-strategy IC mechanisms with many agents. Since all DIC mechanisms
are BIC, our complexity results suggest that a simple characterization of BIC mechanisms
may be difficult to find for a general number of agents. We are not aware of other papers on
allocation problems without transfers where information is correlated across agents. Other
papers instead consider correlation in the form of an external signal that the principal can
use to cross-check an agent’s type report (Kattwinkel, 2019; Bloch et al., 2023; Kattwinkel
and Knoepfle, 2023; Pereyra and Silva, 2023).

The literature on allocation problems without transfers typically maintains the assump-
tion of independent types and studies non-monetary screening devices, including verification
(Ben-Porath et al., 2014; Epitropou and Vohra, 2019; Erlanson and Kleiner, 2019, 2024; Pa-
tel and Urgun, 2022), ex-post punishments (Mylovanov and Zapechelnyuk, 2017; Li, 2020),
promises of future allocations (Kovac et al., 2013; Lipnowski and Ramos, 2020; Guo and
Horner, 2021; Li and Libgober, 2023), evidence (Ben-Porath et al., 2019, 2023), costly sig-
nalling (Condorelli, 2012; Chakravarty and Kaplan, 2013; Akbarpour et al., 2023), hetero-
geneous risk attitudes (Ortoleva et al., 2021), investment and falsification (Perez-Richet and
Skreta, 2022; Augias and Perez-Richet, 2023; Perez-Richet and Skreta, 2023; Li and Qiu,
2024), or allocative externalities (Bhaskar and Sadler, 2019; Goldliicke and Troger, 2023).

We also contribute to the literature on peer selection at the intersection of economics
and computer science (for a survey with detailed references, see Olckers and Walsh, 2024).
In this literature, the principal aims to select an agent based on nominations (or grades,
rankings, etc.) from their peers. One difference to this literature is that we do not start
with nominations as primitives. Instead, the principal’s payoffs from the allocation are based
on the agents’ private information. We allow arbitrary peer information, and we can nest
nominations as a special case by modeling an agent’s nomination as their type. The other
key difference is that we take an optimal mechanism design approach.

e One substrand, following de Clippel et al. (2008) and Holzman and Moulin (2013),
takes an axiomatic approach. The central axiom—impartiality—is equivalent to DIC:
one’s own submitted nomination should have no impact on one’s own chances of being
selected. We contribute to this literature via our characterization of DIC mechanisms,
showing how the set of impartial nomination rules can be understood in terms of stable

sets of the feasibility graph. Moreover, our Theorem 3.1 is related to results by Holzman

21Crémer and McLean (1985, 1988) also consider full surplus extraction in dominant-strategy 1C mecha-
nisms, but there they still allow agents’ participation decisions to depend on their beliefs.
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and Moulin (2013, Proposition 2.i) and Kato and Ohseto (2004, Theorem 5) (obtained
in the context of pure exchange economies). Their results can be interpreted in our
context as a characterization of three-agent deterministic DIC mechanisms that always
allocate the good as jury mechanisms. We extend this characterization to stochastic
mechanisms. As we highlight, there is often a considerable gap between deterministic
and stochastic DIC mechanisms, with the special cases in which jury mechanisms are
optimal being among the few exceptions.

e Another substrand, following Alon et al. (2011), provides approximation guarantees
relative to various benchmarks in various peer selection contexts. We instead focus
on expected values, leading to different results and calling for different techniques.??
The paper by Kurokawa et al. (2015) deserves special mention; their credible subset
mechanism shares similarities with our ranking-based mechanisms. In their model, mo-
tivated by conference peer review, n agents apply to k slots and each agents provides
a numerical grade for m other agents. The credible subset mechanism selects k agents
from those that would make it into the top k based on average peer grades if agents
gave the worst possible grades for others. Similar to ranking-based mechanisms, incen-
tive compatibility requires that sometimes no agent be selected. The credible subset
mechanism provides a good approximation guarantee relative to naively selecting the
k best agents if the number of slots k is large relative to the number of grades m per
agent. In contrast, our ranking-based mechanisms works well for general models of
peer information and even when there is only one slot to allocate, as long as agents are
informationally small.

Bloch and Olckers (2021, 2022) and Baumann (2023) consider settings where agents hold
information about their neighbors’ allocation values in an underlying social network. Bloch
and Olckers (2021, 2022) assume that agents observe ordinal comparisons between their
neighbors’ values and ask for which networks the principal can reconstruct the ordinal ranking
of agents from their reports when each agent wants to be ranked highly. Baumann (2023)
assumes that each agent perfectly observes their neighbors’ values and that information is
partially verifiable. Baumann asks for which networks the principal can fully implement the
first-best of selecting the highest value agent (under various equilibrium notions).

Finally, we contribute to the literature on the gap between stochastic and deterministic
mechanisms (e.g., Kova¢ and Mylovanov, 2009; Budish et al., 2013; Pycia and Unver, 2015;
Jarman and Meisner, 2017; Chen et al., 2019; Rivera Mora, 2022) by showing that, in

22For example, while jury mechanisms can be optimal in our setup, the 2-partition mechanism of Alon
et al. (2011), which is a natural analogue of jury mechanisms, is not optimal according to their criterion
(Fischer and Klimm, 2015). Moreover, our focus on expected values justifies a focus on the extreme points
of the set of DIC mechanisms; these have so far gone unstudied.
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our setting with correlation and no transfers, deterministic mechanisms typically do not
suffice for implementation and optimality. Our tools based on the theory of perfect graphs
may be useful for understanding stochastic mechanisms in other settings where the relevant

constraints have a combinatorial flavor.

9 Concluding Remarks

We have studied an allocation problem without monetary transfers where agents have pri-
vate information about their peers, modeled via correlated types, and must be incentivized to
report this information truthfully. The broader takeaway is that there is no simple, one-size-
fits-all solution for such problems if one insists on exactly optimal mechanisms. Achieving
optimality may require the use of allocation lotteries that cannot be purified without up-
setting the agents’ incentive constraints. At the same time, the combinatorial nature of the
incentive constraints implies that finding an optimal deterministic mechanism is NP-hard.
This complexity result suggests significant hurdles to any simple economic description of op-
timal mechanisms. However, incentive constraints matter less for eliciting peer information
when agents are informationally small, and simple mechanisms such as ranking-based mech-
anisms become approximately optimal. We conclude the paper by discussing extensions and

shortcomings of our analysis.

Mandatory allocation. We have considered mechanisms where the principal may with-
hold the good from the agents. The principal may wish to do so for two reasons. First, the
(opportunity) cost of providing the good may exceed the benefit from allocating. Second,
allocating may be efficient but withholding the good can help address incentive constraints.
For example, when there are three agents, jury mechanisms are optimal among DIC mecha-
nisms that always allocate (Theorem 3.1), while optimal DIC mechanisms that withhold the
good can be markedly more complex and involve randomization (Theorems 5.1 and 6.1).

Nevertheless, in some applications, the principal may be constrained to always allocate
the good to the agents. For example, it may untenable to withhold social aid or the assign-
ment of an important task. Another example is a ratchet effect where the principal allocates
all available resources since leftover resources may be interpreted as a signal of reduced needs
by the principal’s superiors (see e.g. Liebman and Mahoney, 2017).

We provide analogues for our results when the principal must allocate; see Appendix B.4.
For the analogues of the characterization and complexity results (Sections 5 and 6), the only
change is to increase the threshold values for the number of agents by one. For example,

if there are at least four agents and each agent has many possible types, then stochastic

21



extreme DIC mechanisms that always allocate are prevalent among the extreme points of
the set DIC mechanisms that always allocate. For an intuition, think of the principal’s
keeping the object as the principal allocating to a default agent n + 1 whose report never
influences the allocation. (This intuition is not exact since the principal need not designate
such a default agent.) In the same vein, ranking-based mechanisms can be modified by

designating a default agent.

Restricted environments. Without restrictions on the environment—the joint distribu-
tion of the agents’ types and the principal’s payoffs—all extreme points of the set of DIC
mechanisms are candidates for optimality. We have argued that these mechanisms admit no
simple closed-form description. Hence it may be worth investigating whether there are mean-
ingful restricted environments with a more tractable subset of candidate mechanisms (i.e.
a restricted set of objective functionals that only exposes a subset of the extreme points).
We note that peer information can be uninteresting if the environment is “too simple.” For
example, consider a standard symmetric environment in which each agent knows their own
allocation value, and these values are exchangeable random variables: if the good must allo-

cated, then it is optimal to ignore all reports and pick a winner at random (Appendix B.3).

Costly information acquisition. Agents may incur significant costs when acquiring in-
formation to evaluate their peers (e.g., when evaluating a grant proposal). These costs may
strengthen the case for ranking-based mechanisms: if each agent can feasibly acquire infor-
mation only about a few other agents, then each agent is informationally small if there are
many agents. Interestingly, recent discussions in science funding suggest to randomize the
allocation among agents receiving the best peer reviews since it can be too costly for review-
ers to further distinguish among the best proposals (Fang and Casadevall, 2016). Although
our model does not feature information acquisition costs, ranking-based mechanisms still
randomize among the top agents to ensure DIC. Thus, alleviating incentives for dishonest
evaluations can be seen as a supporting argument for randomization in science funding. It
would be interesting to include information acquisition costs, perhaps even participation
costs (e.g., the costs of preparing an application), more explicitly in the analysis of peer

mechanisms.

Nepotism. We have assumed that each agent only cares about their own allocation. In
practice, however, agents may also care about the allocations of others, say their friends
when it comes to the allocation of targeted aid or their co-authors when it comes to the

allocation of science funding (for empirical evidence, see e.g. the survey by Olckers and
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Walsh, 2024). In this case, an analogous notion of DIC might require that each agent
must influence neither their own allocation nor the allocation of their friends. One could
then analyze optimal mechanisms based on a modified feasibility graph.?® Ranking-based
mechanisms would continue to work well if each agent has relatively few friends and is also

informationally small for the ranks of their friends.

Coalition-proofness. In our model, it is easy to show that only constant mechanisms
are coalition-proof in the sense that no coalition of agents can improve its total allocation

t.24 This is to be expected since we have abstracted from all

probability via a joint misrepor
screening devices that may be available to the principal (see the discussion in Section 8 for
examples of such devices). To understand collusion more generally, it would be interesting
to consider a dynamic allocation problem where collusion can be sustained via repeated

interactions (see Shah (2022) for a discusion of collusion rings in peer review).

A  Proofs

A.1 Preliminaries

In this section, we recall some definitions from graph theory and present some basic facts

about the feasibility graph (Section 4).

A.1.1 Definitions

For a moment, let G with vertices V' and edges F denote an arbitrary simple undirected
graph.

Given a subset V' of vertices, the subgraph of G induced by V', denoted G[V'], is the
graph on vertices V' where every two vertices in V' are adjacent if and only if they are
adjacent in GG. Likewise, a graph is an induced subgraph of G if it is induced by some subset
of vertices.

We next define perfection. The cliqgue number of G equals max{|C|: C' is a clique of G}.

For an integer k, a partition of V into k£ non-empty stable sets is a k-node-colouring. The

23Tn this graph, each vertex specifies an agent i and types of all agents except ¢ and i’s friends. As in
the feasibility graph, such a vertex should be viewed as a commitment to allocate to agent i. Vertices are
adjacent if the commitments potentially violate feasibility.

24Consider a coalition of just two agents. Coalition-proofness, in particular, implies DIC, i.e., no agent can
change their own allocation probability by misreporting their type. However, the total allocation probability
in a two-person coalition must be fixed, and therefore no agent can change the allocation probability of their
coalition partner either. This notion of coalition-proofness posits that agents run a lottery among themselves
to reallocate any gained allocation probability. The impossibility obtains analogously for coalition-proofness
based on Pareto improvements.
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chromatic number of G is the smallest integer k such that G admits a k-node-colouring. The
graph G is perfect if for all induced subgraphs (V’, E’) of G the clique number of (V' E’)
equals the chromatic number of (V' E).

The complement G of G is the graph on the same set of vertices as G but where every
pair of vertices is adjacent in G if and only if the pair is non-adjacent in G.

The fractional stable set polytope of G, denoted QSTAB(G), is the set of functions
q: V — [0, 1] such that all maximal cliques X satisfy > q(v) < 1. The stable set polytope
of G, denoted STAB(G), is the convex hull of the set of vectors that are incidence vectors
of stable sets of G.

A.1.2 Notation and basic facts

In what follows, G refers to the feasibility graph, a vertex means a vertex of the feasibility
graph, etc.

For some proofs with three or more agents it will be convenient to denote vertices as
follows: Given a type profile 6, we write 6_123 to mean the agents other than 1 to 3 (if
such other agents exist). We also write (-, 6, 03,0_123) to mean the vertex (1,6_;), we write
(01,-,05,0_123) to mean (2,0_5), and so on.

We say a type profile § contains the vertices {(i,0_;): i € [n]} If (i,0_;) and (5,0" )
are adjacent vertices, then 6 = (0.,6;,6_;;) is the unique type profile containing (i,6_;)
and (j,0" ;). The map 6 — {(i,0_;): 7 € [n]} is a bijection from types profiles to maximal
cliques. It follows that for all two adjacent vertices v and ', there is a unique maximal clique

containing both v and v’.

A.2 Proof of Theorem 3.1

If n =2 and ¢ is a DIC mechanism that always allocates, then feasibility requires ¢;(6s) +
¢1(01) = 1. In particular, ¢ is constant. A constant mechanism is necessarily a convex combi-
nation of constant deterministic mechanisms. All constant mechanisms are jury mechanisms.

For n = 2, a DIC mechanism (that need not always allocate) is a special DIC mechanism
with three agents that always allocates and where one agent is a default agent whose report
does not influence the allocation but absorbs all residual allocation probability.

Thus, it suffices to prove the claim for three agents and DIC mechanisms that always
allocate. In what follows, let n = 3, and let @ denote set of DIC mechanisms that always
allocate.

In our terminology, Holzman and Moulin (2013, Proposition 2.ii) show that all determin-

istic mechanisms in () are jury mechanisms. Hence, to prove that all mechanisms in () are
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convex combinations of jury mechanisms, it suffices to show that all extreme points of Q are
deterministic. Thus, let ¢ € Q be stochastic. We show ¢ is not an extreme point of Q.

Let V denote the subset of vertices v such that g(v) € (0,1). We construct non-empty
disjoint subsets R (red) and B (blue) of V such that, for all maximal cliques X, either
XN(RUB)=0or|XNR|=|XnNB|=1. Recall that we may identify maximal cliques
with type profiles. If X N (R U B) = (), we say that the type profile (associated with X) is
uncolored; if | X N R| = |X N B| = 1, we say that the type profile is two-colored.

The existence of such sets R and B imply that ¢ is not an extreme point. Indeed, for a
sufficiently small number ¢ > 0, both ¢ +&(1g —1p) and ¢ —e(1g — 1) are in Q, and ¢ is a
convex combination of ¢+ e(1gr — 1p) and ¢ —e(1g — 15). (Here, 1z and 1g, respectively,
denote the indicator function for R and B, respectively.)

We assume without loss there exists (67,69,69) such that (-,69,609) and (69, -,69) are in
V (since ¢ always allocates). Define Ty = {6; € ©;: (61,-,63) ¢ V} and T, = {, €
Oy: (-,604,09) ¢ V}. Let T¢ = O, \ Ty and TS = O, \ T%. Both T¢ and T§ are non-empty
since (-,69,609) and (69, -,69) are in V.

First, if 7} and T, are both empty, then the sets R = {(0y,-,609): 6, € ©,} and B =
{(-,64,09): 65 € ©5} have the desired properties.

Henceforth, let T} # () (the case Ty # () being analogous). We distinguish two cases.

Case 1. Let Ty # (0. Define O; as the set of 83 € O3 such that for all §; € 1Y and 0, € T
we have (01,-,05) € V and (-,0,03) € V. Note ©j is non-empty since 03 € ©3. We make
the following observations.

e Observation 1.1. If (01,0,) € Ty X Ty, then (61,0s,-) ¢ V.

Indeed, if (6y,6s,-) € V, then agent 3 is the only agent enjoying an interior winning
probability at the profile (6;,6,,69), which is impossible since the object is always
allocated.

e Observation 1.2. If (6y,60;) € (T x T5) U (T¢ x Ty), then (61,6,) € V.

Indeed, the assumption (6, 6:) € (71 x Ty5) U (17 x Ty) implies that either agent 1 or
agent 2 enjoys an interior winning probability at the profile (6y, 6, 69); hence agent 3
must also enjoy an interior winning probability at this profile.

e Observation 1.3. If 03 ¢ Os, then all 6, € Ty and 65 € Ty satisfy (01,-,03) € V and

(-,602,0) € V.

Indeed, let f5 ¢ ©3. By definition of O3, there exists #, € T¢ or #, € TS such that
(0),-,05) ¢ V or (-,0,05) ¢ V. We first prove the claim in the case in which there is
0, € Ty such that (-,605,605) ¢ V.

Let 6, € Ty. We show (04,-,03) € V. Since (6,60,) € T1 x Ts, we have (0,605,) € V
(Observation 1.2). Since also (-,85,63) ¢ V (by assumption), feasibility at (6,65, 65)
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requires (01, -,03) € V, as desired.

Now let 6y, € Ty. We show (-,65,63) € V. By assumption, T} is non-empty. Find
0, € Ti. By the previous paragraph, (6y,-,6s) € V. Since (6y,6;) € Ty x Ty, we know
(01,62,-) ¢ V (Observation 1.1). Thus, since (6y,-,0;) € V, feasibility at (6;,6,,65)
requires (-,6,03) € V, as desired.

We have proven the claim in the case in which there is 6} € T such that (-, 0},05) ¢ V.
If there exists @, € T¢ such that (8),-,65) ¢ V, the argument is analogous with the
roles of agents 1 and 2 switched. Switching the roles is valid since all auxiliary claims
proven up to this point hold symmetrically for both agents 1 and 2 and since both T}
and T5, are non-empty.

We next define our candidates for R and B. We first define the following:

VO € O3, R'(65)
VOs ¢ Os, R'(As) ={(01,-,05): 6, € Ty} and B'(6s)

{( (92,93) 02 ETC} and B/< ) {(91, ,93) 91 < Tlc},
{(+,04,03): 0 € Ty},

Let Ry = {(01,02,): 61 € Tf,0, € Ty} and By = {(01,6,): 6, € 11,0, € T5}. Finally, let
R = Ry U (Upseo, R (05)) and B = By U (Upyeo,B'(03)).

We next verify RU B C V. Observation 1.2 asserts Ry U By C V. Next, for all 03 € O3,
the definition of ©5 immediately implies R'(f3)UB’(A3) C V, and for all 85 ¢ ©3 Observation
1.3 implies R'(63) U B'(fs) C V. The sets R and B are disjoint and non-empty (since T¢, T
and O3 are all non-empty).

To complete the proof in Case 1, it remains to verify all type profiles are two-colored or
uncolored. By inspection, one may verify the following: If #;3 € O3, then all type profiles in
Ty x Ty x {05} are uncolored, whereas all other type profiles in ©1 x O, x {3} are two-colored.
Conversely, if fs ¢ O, then all type profiles in T¢ x T§ x {63} are uncolored, whereas all
other type profiles in ©; x ©y x {f3} are two-colored.

Case 2. Let T, = 0. Thus, all 6, € O, satisfy (-,62,69) € V. Define O as the set of
05 € O3 such that all 0, € O4 satisfy (-, 0,,03) € V. Define T} as the set of ; € O, for which
there exists 03 € O3 such that (01,-,03) ¢ V. Notice that ©5 is non-empty since 0 e Os;
the set T} may or may not be empty.

We observe the following:

e Observation 2.1. If (01,6,) € Ty x ©,, then (01,605,-) € V.

Indeed, by the definition of T3, there is 65 € O3 such that (01,-,05) ¢ V. By definition
of O3, we have (-, 65,03) € V. Hence feasibility at (6y, 65, 03) requires (6y,6,-) € V.

e Observation 2.2. If 05 ¢ Os, then all 0, € T satisfy (0y,-,05) € V.

Indeed, by definition of O, there exists 0 € O, such that (+,0,,03) ¢ V. By the previ-
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ous claim, we have (6,,0s,-) € V. Hence feasibility at (01,04, 03) requires (01, -,03) € V.
We next define our candidates for R and B. We first define the following:

V05 € O3, R'(6s)
V93 ¢ é37 (93>

{(+,02,03): 05 € Os};
{(6y,-,03): 0, eTl}
Ugseo; I (03);
{(61,,05): 0

R
B 1 € Th,05 € O3} U{(641,00,-): 01 € T, 0 € O},
Observations 2.1 and 2.2 and the definition of O3 imply that Ug, R'(03) and {(6y,65,-): 0, €
11,6, € ©,} are contained in V. We infer from the definition of T} that {(61,-,03): 6, ¢
Tl, 03 € é‘)g} is also in V. Lastly, it is clear that R and B are disjoint, and they are non-empty
since O3 is non-empty.

To complete the proof in Case 2, it remains to show all type profiles are two-colored or
uncolored. By inspection of R and B, one may verify the following: If 05 € O3, then all type
profiles in O x Oy x {03} are two-colored; if 03 ¢ @3, then all type profiles in Ty x Oy ¥ {65}

are two-colored whereas all type profiles in Tf X O x {63} are uncolored. O]

A.3 Proofs for Section 5

In this part of the appendix, we prove Theorems 5.1 to 5.3. We shall use Theorem 5.3 in the

proof of Theorem 5.2, and hence we present the proof of Theorem 5.2 last.

A.3.1 Auxiliary results

As indicated in the main text, the existence of stochastic extreme DIC mechanisms is con-
nected to odd holes in the feasibility graph. The goal of the next few auxiliary results is
to establish that all extreme DIC mechanisms are deterministic if and only if the feasibility
graph does not have an odd hole of length 7 or greater (Lemma A.3).

For i € [n], define V; = {i} x ©_; as the set of i-vertices. Given a vertex v = (i,0_;) and

J distinct from 4, we say 6, is the type of j at v.

Lemma A.1. Let v,v',0v" be distinct vertices, where v' is an i-vertex. Let v’ be adjacent to

v and v". If v and V" are non-adjacent, then i’s type at v differs from i’s type at v".

Proof of Lemma A.1. The type profile containing v and v’ coincides with the type profile
containing v" and v” in the types of all agents other than i. If these two profiles were to also

agree in ¢’s type, then v and v” would either be adjacent or coincide. O
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Lemma A.2. The feasibility graph does not admit an odd 5-hole. The complement of the
feasibility graph does not admit an odd hole.

Proof of Lemma A.2. Towards a contradiction, suppose G admits an odd 5-hole (vy, ..., vs).
Recall that two vertices are adjacent only if they belong to different agents. Since the hole
contains five vertices, there is an agent such that the hole contains exactly one vertex of
this agent. Without loss, let the vertex belonging to this agent be the vertex v,. Since
(v3,v4,v5,v1) is a path that contains no i-vertex, the type of agent i is constant across
(v3,v4,v5,v1). However, since H is a hole, vertex vy is adjacent to v; and vs while v; and
v are non-adjacent. Thus Lemma A.1 implies that ¢’s type at vy differs from 7’s type at vs.
Contradiction. Thus G does not admit an odd 5-hole.

Towards a contradiction, let the complement of G admit an odd hole (vy, ..., v;) for some
k> 5. If k=5, then (vq,vs,v5,v2,v4) is an odd 5-hole in G; contradiction. Thus let k& > 7.
By definition of the complement, {vy, vy, v6} and {va, vy, v} are cliques in G. We know that
there is a unique maximal clique of G containing v, and vg. Thus this clique also contains
both v; and vs. In particular, either v; = vs, or v; and vy are adjacent in G; in either case,
we have a contradiction to the assumption that (vy, ..., vx) is an odd hole in the complement
of G. Thus the complement of G does not admit an odd hole. O

Lemma A.3. All extreme DIC mechanisms are deterministic if and only if the feasibility

graph does not admit an odd hole of length seven or more.

Proof of Lemma A.3. Recall that the set of DIC mechanisms equals QST AB(G), while the
convex hull of the set of deterministic DIC mechanisms equals STAB(G). Theorem 3.1 of
Chvatal (1975) (see, e.g., Korte and Vygen, 2018, Theorem 16.21) implies that STAB(G) =
QSTAB(G) holds if and only if G is perfect. According to the Strong Perfect Graph Theorem
(Chudnovsky et al., 2006), the feasibility graph is perfect if and only if neither G nor its

complement admit an odd hole. The claim follows from Lemma A.2. O

A.3.2 Proof of Theorem 5.1

Let n = 2. Recall that two vertices are adjacent only if they belong to distinct agents. It
follows that G is bi-partite, and hence does not admit an odd hole. Thus Lemma A.3 implies
that all extreme DIC mechanisms are deterministic.

Let all type spaces be binary. We show that G does not admit an odd hole, so that
Lemma A.3 implies that all extreme DIC mechanisms are deterministic.2> Without loss of
generality, relabel the type spaces such that ©; = {0,1} for all i € N. Let (vy,...,v) be

25 An alternative argument is as follows. If all type spaces are binary, then the feasibility graph corresponds
to the line graph of the n-dimensional hypercube. The hypercube is bi-partite, and it is a fact that any line
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an induced cycle; that is, for all £ € {1,... k}, vertex v, is adjacent to v,_; and vy, and
non-adjacent to all other vertices of the cycle (where v 1 = vy is understood). We show k is
even. It suffices to show that for all agents ¢ the cycle contains an even number of ¢-vertices.
We use two observations, valid for all £ € {1,... k}. First, if none of v,_1, v, and vy, are
i-vertices, then i’s type is constant across these vertices. Second, if v, is an i-vertex, then
implies Lemma A.1 that the type of i at v,_; differs from type of i at v, ;. Since agent i
has two possible types, the two observations together imply that the cycle contains an even
number of i-vertices.

Now let n > 3 and suppose at least one type space is non-binary. We show there exists
an odd hole. By possibly relabeling the agents and the type spaces, suppose ©; and O,
contains {0, 1}, and that ©3 contains {0, 1,2}. Fix an arbitrary profile 6_193 of agents other

than 1, 2 and 3 (if such agents exists). The following seven vertices form an odd hole:

=(-,0,0,0_193)
ve = (1,+,0,0_123)
vy = (1,1,-,0_193)
vy =(,1,1,0_193)
vs = (0,1,-,0_193)
ve = (0,-,2,0_193)
=(0,0,+,60_123). O

A.3.3 Proof of Theorem 5.3

First, let ¢ be extreme and let K be a non-empty stochastic component of gq. Let G[K]
denote the subgraph induced by K.

Note that, if v € K, v ¢ K and ¢(v’) > 0, then v and v’ are non-adjacent. Indeed, if v and
v" are adjacent and ¢(v’) € (0,1), then v" ¢ K contradicts the fact that K is a component;
if v and v" are adjacent and g(v') = 1, then we have a contradiction to feasibility.

It follows that the restriction of ¢ to K is an extreme point of the fractional stable set
polytope of G[K]. According to the Strong Perfect Graph Theorem and Theorem 3.1 of
Chvatal (1975), the graph G[K] or the complement of G[K| admit an odd hole. Lemma A .2
implies the complement of G[K| does not admit an odd hole. Thus G[K] admits an odd
hole.

graph of a bi-partite graph is perfect. That is, the feasibility graph is perfect, and so the claim follows from
the theorem of Chvatal (1975). Another alternative argument proceeds by observing that, when all type
spaces are binary, the fractional stable set polytope coincides with the fractional matching polytope of the
n-hypercube; it is well-known that this polytope has integer-valued extreme points.
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It remains to show that ¢ is extreme if ¢ only takes values in {0, %, 1} and is such that
every stochastic component of ¢ contains an odd hole. To that end, let ¢’ be a DIC mechanism
receiving non-zero weight in a convex combination that equals ¢q. Clearly, ¢ and ¢’ agree on
the set of vertices to which ¢ assigns 0 or 1. Now consider a stochastic component K of gq.
Thus ¢(v) = 3 for all v € K. We show ¢'(v) = 3 for all v € K. We proceed in two steps.

(1) By assumption, the component K contains an odd hole (vy, ..., v;) for some integer k.
By construction, we have q(vy) + q(vey1) = 1 for all £ € {1,...,k} (where vy = v1).
Since v, and vy, ; are adjacent, all DIC mechanisms ¢” from the convex combination
satisfy ¢"(ve) + ¢"(ve41) < 1. Thus ¢'(ve) + ¢'(vey1) = 1 for all £ € {1,...,k}. Using
that % is odd, we infer ¢/(v1) =1—¢'(v2) = ... = ¢ (vx) =1 — ¢'(v1). Thus ¢ equals 3
on the hole (vq,...,vg).

(2) Since K is a component and since there is an odd hole in K where ¢ and ¢ agree,
it suffices to show the following: if v and ¢’ in K are adjacent and ¢'(v) = %, then
¢ (v') = 3. To that end, note g(v) = ¢(v') = 3. Clearly, all DIC mechanisms ¢” from
the convex combination satisfy ¢"(v) + ¢”(v') < 1. Since ¢(v) + ¢(v') = 1, we infer

1

¢ (v) +¢'(v') = 1. Since ¢'(v) = 3 by assumption, we conclude ¢'(v') = 3. O

A.3.4 Proof of Theorem 5.2

Let S denote the set of stable sets of the feasibility graph. Recall that there is a bijection
between stable sets and deterministic DIC mechanisms. Thus |S| = | det Q).
Fix n > 3. Denote m = min,cp, |©;]. By possibly relabelling the agents’ type spaces,

assume that each type space contains {1,...,m}. We prove that if m > 6, then

m— 2
> 14—+
jext ]2 181 (14 513 ).

which implies Theorem 5.2. Let m’ denote the largest integer multiple of 3 that is less than
m. Note m' > m — 2.

We begin by constructing a family of odd holes. Fix an arbitrary type profile 6_153 =
(04, ...,0,) of agents other than 1, 2 and 3 (if such agents exist). For k € {3,6,...,m'}, let
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H(k) denote the set consisting of the following nine vertices:

= (- k— 2k —2,0_153),
= (k— vk —2,0_123),
=(k—1,k— ,0_123),
= (- ,kf—l,k’—l,e_lgg),
=k vk —1,0_123), (A1)
=k Lk - ,0_123),
= (- ,k ko 0-193),
= (k- ko0 103),
=(k—2k—2,- ,0_193).

One may verify that H(k) is an odd hole. Let H = {H(k): k € {3,6,...,m'}}. Note
M| =5

We use some further auxiliary definitions. Recall that, for the feasibility graph, for each
pair of adjacent vertices there is a unique maximal clique that contains both of them. In
particular, for all H € H, for each of the nine pairs of adjacent vertices in H, there is a unique
maximal clique containing the pair. Let Xy denote the nine maximal cliques obtained in
this way, and let Vg = Uxex, X denote the vertices contained in these cliques (including
vertices that are not themselves in H). Let N(H) denote the neighborhood of H; that is,
the vertices adjacent to at least one vertex in H. Note Vg C N(H). Further, let Ly denote
the number of stable sets in the subgraph induced by V.

We next construct a family of stochastic extreme points. Given H € ‘H and S € S, define

qus: V — [0, 1] as follows:

3, ifve HUNH)N(S\ Vu));
VweV, qus(v) =141, ifveS\NH);
0

else.

We later verify that ¢g g is a stochastic extreme DIC mechanism for all H € H and S € S.
We next provide a number of estimates for the number [{gus: H € H,S € S}| of
stochastic extreme points just constructed.
Fixing an arbitrary H € H, let Qn = {qus: S € S}. Given ¢ € Qpy, let ¢;'(q) =
{S € S: qus = q}. We claim that |S| < |@Qy|Ly holds, where we recall Ly that denotes
the number of stable sets in the subgraph induced by Vy. To that end, we make two
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observations. First, inspecting the definition of gy g, if S and S are two stable sets such that
S\ Vy = 5"\ Vy, then qu s = qu . Second, since S is stable, the set SNV is itself a stable
set on the subgraph induced by V. The two observations imply that |¢;'(¢)] < Ly holds
for all ¢ € Q. Finally, we note that {¢5'(q): ¢ € Qu} partitions S. Hence |S| < |Qu|Ly.

We next claim that all H € H satisfy Ly < (n+1)%. Recall the definition Vy = Uxexy X,
where X'y is a set of nine maximal cliques. Each maximal clique of the feasibility graph
contains n vertices, and a stable set selects from each maximal clique at most one vertex (or
selects nothing). Hence Ly < (n + 1)°.

Lastly, we claim that if H and H' in H are distinct, then Qy N Qx = (). Equivalently,
for arbitrary S,5" € S and k, k' € {3,...,m'}, we have qyr),s = quu),s only if k& = K.
To that end, let S, 5" € S and k, k' € {3,...,m'} and quu),s = quu),s- Fix two adjacent

vertices v and 0 in H. Thus qpp),s(v) = qup),s(0) = quu),s (V) = quu)s (0) = 5. Note

at least one of v and ¢ must be in H(k'); indeed, else qu s/ (V) = qup),s (V) = % requires
that both be in S, contradicting stability of S’. Without loss, let v € H(k"). In particular,
v e H(k)N H(K'). Suppose v is an i-vertex, take j € {1,2,3} \ {i} and consider j’s type at
v.25 Since v € H(k)NH(K'), agent j’s type is in both {k,k+1,k+2} and {k' k' + 1,k +2}.
Since k and k&' are integer multiples of 3, we conclude k = k'

Collecting our work, we get

S| S| m' S|
qus: H e H,S € S}| = Qul| > > -
m

>

Finally, using that for all H € H and S € & the DIC mechanism ¢y g is stochastic and

extreme, we infer

ext Q)2 18]+ {ams: 1 € .5 € S} = 151 (14 570 )
as promised.
It remains to prove that for all H € H and S € § the function gy s is a stochastic
extreme DIC mechanism.
We first show qp ¢ is indeed a well-defined DIC mechanism. To show gp g is well-defined,
we have to argue that all maximal cliques X satisfy ¢(X) < 1. First, suppose X contains

a vertex v in S\ N(H). It follows that X contains no vertex in H (else v would be in

26Recall that for i € [n] we call V; = {i} x ©_; the set of i-vertices, and j’s type at (i,6_;) means 6;.
Thus, for example, if v = (-, k — 2,k — 2,0_123), then v is an i-vertex and the types of agents 2 and 3 are
both k£ — 2 at v.
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N(H)) nor a vertex in (N(H) N (S \ Vg)) (by stability of S). Hence, in this case, qu.s
assigns 1 to v and 0 to all other vertices in X. Next, suppose X only contains vertices in
HU(N(H)N(S\Vy)). Now X can contain at most two vertices from H (since H is an odd
hole) and at most one vertex in N(H) N (S \ Vi) (by stability of S). Further, if X contains
a vertex in N(H)N (S \ V), then it contains at most one vertex in H (by definition of V).
Since all vertices in H U (N(H) N (S \ Vi)) are assigned %, we infer ¢(X) < 1. Lastly, if X
contains no vertices in (S\ N(H))U (HU (N(H)N(S\ Vg))), then clearly ¢(X) = 0 holds.

Finally, Theorem 5.3 implies that gp s is extreme since gy s takes values in {0, %, 1}, and
since H U (N(H) N (S \ Vg)) is the unique stochastic component of gy ¢ and contains the
odd hole H. O

A.4 Proof of Theorem 6.1

Consider the following decision problem:

Definition 7 (DET-n). The input consists of an integer k, finite sets O1, ..., 0, and weights
w; : ©_; — {0,1} for all ¢ € [n]. The problem is to decide whether there is a determin-
istic DIC mechanism ¢ (for n agents with respective type spaces ©q,...,0,) such that

Yo wi(0-i)qi(0-;) > k.

To show that OPTDET-n is NP-hard if n > 3, it suffices to show that DET-3 is NP-
complete.

Recall that STABLESET refers to the following decision problem. The input is an integer
k and a (simple undirected) graph G. The problem is to determine whether G admits a
stable set of cardinality k or greater. STABLESET is NP-complete (Korte and Vygen, 2018,
Theorem 15.23). To show that DET-3 is NP-complete, we show that DET-3 polynomially
reduces to STABLESET.

Let (G, k) be an instance of STABLESET. We next construct our candidate instance of
DET-3. Let V and E denote the vertex and edge sets of G. Fix an arbitrary linear order
< on V (say, by enumeration). Define ©; = E and O, = O3 = V. The resulting feasibility
graph is denoted G, with vertices V' and edges E. Next, for all edges e of G, define a set

P(e) of vertices in G as follows: denote the edge e as e = vv’ such that v < v/, and define

P(e) = ((-,v,v), (e,v,-), (e,-,v"), (-,v',0")) . (A.2)

Notice that P(e) is an induced path in G from (-,v,v) to (-,v',v’). We refer to (-,v,v) and
(-,v',0") as the endpoints of P(e); the vertices (e,v,-) and (e,-,v") are the interior vertices

of P(e). (Likewise, a vertex is an endpoint if for some e it is an endpoint of P(e); a vertex is
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interior if for some e it is an interior vertex of P(e).) Next, define w: V' — {0,1} as follows.
For all v € V, let w(v) = 1 if there is an edge e in E such that v € P(e); else, let w(v) = 0.
Finally, let k = k + |E|.

To complete the proof, we argue that G admits a stable set of cardinality k or greater if
and only if G admits a weighted stable set of weight k or greater.

Let S be a stable set in G of cardinality k or greater. Construct a stable set S in G as
follows. Denote T' = {(-,v,v): v € S’}, and include 7 in S. Next, for all edges e € E, find
an interior vertex w of P(e) that is non-adjacent to all vertices in T, and include w in S;
such a vertex w exists since S is stable, meaning that the two endpoints of P(e) are not both
included in T. Clearly, S has weight of at least k = k + |E |. Moreover, S is stable since T'
is stable, since the interior vertices are chosen to be non-adjacent from 7', and since interior
vertices of distinct paths are non-adjacent.

Now suppose G admits a stable set S of weight & -+ |E | or greater.

In an auxiliary step, we argue that G admits a stable set having weight k+ |E’| or greater
and such that for all e € E the stable set contains at most one endpoint of P(e). Indeed,
suppose for some e € E both endpoints of P(e) are in a stable set of G. Note that none of
the interior vertices of P(e) are in the stable set, by stability. Now consider the following
adjustment to the stable set: choose one of the endpoints of P(e), find the adjacent interior
vertex in P(e), and in the stable set replace the chosen endpoint by the interior vertex. The
resulting set is stable since in G the chosen interior vertex is only adjacent to the other
interior vertex of P(e) (which we already noted is not in the stable set) and to the removed
endpoint of P(e). Moreover, the adjustment clearly leaves the total weight unchanged. By
repeating this adjustment a finite number of times, we obtain a stable set with the claimed
properties.

Thus suppose G admits a stable set with weight k + |E| or greater and such that for
all e € E the stable set S contains at most one endpoint of P(e). Note that S contains
at most |E | interior vertices. Thus S contains at least k endpoint vertices. Now define
S={veV:(,v,v)e S} Theset G isstable in G since, for all e € E, at most one endpoint
of P(e) is in S. Moreover, since S contains at least k endpoint vertices, we conclude S has

cardinality of at least k. [

A.5 Proof of Theorem 7.2

Fix n € N and consider the environment (n,©", ™). For all i € [n], let @} denote i’s peer
value in this environment. Let 7 and 7", respectively, denote #’s rank and robust rank, re-

spectively. For p € (0,1), let ¢™? denote the ranking-based mechanism with threshold p, and
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let U™ denote the principals’ expected utility (as a function on the set of DIC mechanisms).
Under the hypothesis that the sequence of environments is regular and informational size

vanishes in probability, we show that for all ¢ > 0 there exists p € (0, 1) such that

0a) = 3 (0 mox (0. 0-0))

fcon

<e€

for all but finitely many n. This claim proves the theorem since, for every environment, no
DIC mechanism yields a higher expected utility than the one from always allocating to an
agent with the highest positive peer value. Indeed, recall from (2.1) that every n and every

DIC mechanism ¢ in the n’th environment, we have

ZZ’“ Zz,u maXO]EIé%{u (0-;)).

0cO™ ie(n| 0cO™ je(n|

In the n’th environment, given a type profile 8 € ©™ and p € (0, 1), let @"(p, ) denote
the smallest peer value among the agents i whose rank r;() is below p; that is, @"(p,0) =
min{a}'(0_;): i € [n] Ar;(0) < p}. At every type profile 6, every agent who is allocated the
good by ¢™P has a peer value of at least u"(p,0).

For all n € N and p € (0,1) and § € ©", we have the following lower bound on the
principal’s payoff at 6 from ¢"™:

ZZM ) max (0, (6 ))w

np

0€O™ icn]

1(r]7(0) <

> Y @) max (0.7, 0) Y =D

fcOn icln] g

) n 1(r7(0) <p—0d"(0

ZZM(Q)maX(O,u (]%9))2: i) n =

pcor el !

ri(0) <p—9"(9))

>N pn(0) max (0,a"(p,0)) — | 1= > p"(0 Z |

peor geor i€[n] h

where the last line uses that all peer values are in [—1, 1].

Since no two agents have the same rank,?’

n n
gcon i€n] p feon p

2TFor a real number x, we write |x] for the largest integer weakly smaller than .
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Since (6™)nen converges to 0 in probability, we have

np

—1

fcon

as n — oo for all fixed p € (0,1).
Returning to the lower bound for U™(¢”"), we may complete the proof by showing that
for all € > 0 there exists p € (0, 1) such that

lim > uo) <max (O,maxﬂ?(ﬁ_i)> — max (0, @"(p, e))) <e. (A.3)

gcon i€[n]

Let € > 0. Regularity implies that there exists p € (0,1) such that

1
lim p" {9 €O — ’{j € n]:ub(0_;) +e> maxu?(&i)}' > p} = 1.
k—o00 n i€[n]

Given a profile 0, recall that u™(p,#) denotes the smallest peer value among the agents i
whose rank is below p. If 6 is a type profile such that at least np agents have a peer value
within ¢ of the highest peer value max;ecp, u?(6_;), then a"(p,8) > max;ep, ul(0-;) — .
Hence

lim " {9 € O0": u"(p,0) > maxu}(0_;) — 6} =1

n—00 i€[n]

Since all peer values are in [—1, 1], for all € > 0 there exists p < 1 such that (A.3) holds. O
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B Supplementary Material (Online Appendix)

B.1 Examples

Example showing the feasibility graph. Figure 2 shows the feasibility graph in an
example with three agents, where agents 1 and 2 each have two possible types, and agent
3 has three possible types. The left panel shows the set of type profiles, here depicted as a
2 x 2 x 3 grid. Agent 1’s type varies horizontally, agent 2’s type vertically, and agent 3’s
type diagonally. The right panel shows the feasibility graph. To understand the connection
between the panels, think of a vertex (i,60_;) of the feasibility graph as a set of type profiles
along which the types of agents other than ¢ are fixed at 6_; while ¢’s type varies across
all of ©;. In the left panel, for example, the vertex (1,60_;) is thus depicted as the line
connecting the profiles 6 = (61,05, 03) and (07, 65,05). Two vertices are adjacent if and only
if the corresponding sets of type profiles intersect; for example, the vertices (1,60_1), (2,0_5)
and (3,60_3) are all adjacent as the corresponding sets of type profiles intersect at #. In the

right panel, vertices are depicted as circles (instead of lines) and lines indicate adjacencies.

b o,
6
I ///
| /
‘ -
B /(279*2)
/// (379—3)

(eiaGZaeJ){/ ?

Figure 2: The set of type profiles (left) and the feasibility graph (right) in an example with
n=3, |0 =|0;] =2 and |O3] = 3.

Example showing a stochastic extreme DIC mechanism. Continuing with the ex-
ample from Appendix B.1, suppose there are three agents, where agents 1 and 2 each have
two possible types, and agent 3 has three possible types. The left panel of Figure 3 shows
the space of type profiles. Agent 1’s type varies horizontally, agent 2’s type vertically, and
agent 3’s type diagonally.
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The right panel of Figure 3 shows an odd hole vy, ..., v; in the feasibility graph. Let us
say that a profile 6 contains the vertices {(i,0_;): i € [n]}. For each ¢ € {1,...,7}, the type
profile 6 indicated in the left panel of the figure contains the vertices v,_; and v, (where
vp = vy is understood). For example, type profile ' contains v; and vy, and 62 contains v;

and vy, and so on.

Figure 3: The right panel shows an odd hole vy,...,v; in the feasibility graph. The left
panel shows the seven type profiles 6, ...,0" that each contain two vertices of the hole.

Our candidate stochastic extreme DIC mechanism ¢ assigns % to all vertices vq,...,v;
of the odd hole, and 0 to all other vertices. Translated to the left panel, this means that,
for each ¢ € {1,...,7}, at ° the mechanism flips a coin between the two agents who have
vertices from the hole which are contained in §*. For example, at #' the mechanism flips a
coin between agents 1 and 3, at 2 between agents 3 and 2, and so on.

In the main text, we intuited that randomization helps resolve the trade-off between al-
locating to an agent and using the agent’s information since the agent can simultaneously
win with some probability but nevertheless influence how the remaining probability is dis-
tributed among the other agents. We see this in the stochastic mechanism ¢. For example,
agent 3 wins with probability 1/2 at both #' and 6?. These two type profiles differ only in
agent 3’s type. Depending on agent 3’s report, the remaining probability 1/2 is assigned to
agent 1 (at 6') or to agent 2 (at 6?). In this sense, the principal enjoys both the benefit from
allocating to agent 3 and agent 3’s information.

To sharpen the intuition, suppose the weights w;(0_;) = u(0_;)u;(0_;) are such that
w;(0_;) equals 1 if the vertex (i,6_;) is in the odd hole {vy, ..., v}, and equals —1 otherwise.
In particular, at 6* the principal wishes to select agent 1 or 3, while at 6% the principal wishes

to select agent 2 or 3. Thus, here it is valuable to allocate to agent 3, and agent 3’s type
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also contains valuable information.

Let us show that for these weights the stochastic DIC mechanism is in fact uniquely
optimal (and therefore extreme). The principal’s expected utility from ¢ equals 7/2. Now
let ¢’ be an optimal DIC mechanism. Thus ) w(v)q (v) > 7/2. We show ¢ = ¢'. For
vertices outside {vy, ..., v7}, the weight w is strictly negative. Since decreasing the allocation
probability at a vertex only slackens feasibility, we must have ¢’(v) = 0 for all v outside
{vi,...,v7}. Thus Y w(v)d'(v) = Zzzl ¢’ (ve) and it suffices to show ¢'(v,) = 1/2 for all
¢ € [7]. For all ¢ € [7], feasibility requires ¢'(v,—1) + ¢'(v¢) < 1 since v, and v,_; are adjacent
(where again vy = v7). Thus 7/2 < ¢/(v1) + ... + ¢'(v7) requires 7/2 < ¢/(v,) + 3, and thus
1/2 < ¢'(vy) for all £ € [7]. Using again ¢'(ve—1) + ¢'(ve) < 1, we conclude g(v,) = 1/2 for all
¢ € [7], as desired.

B.2 Approximate Optimality of Jury Mechanisms

Here, we discuss when jury mechanisms (Section 3) are approximately optimal with many
agents. Recall that a jury mechanism splits the agents into jurors and candidates, using
only the reports of the jurors to select one of the candidates. These mechanisms resemble
peer review procedures used in practice. Therefore, it is interesting to understand when jury
mechanisms perform well and how their performance compares to ranking-based mechanisms.

In Appendix B.2.1, we show that vanishing informational size alone does not imply that
jury mechanisms are approximately optimal with many agents. Then, in Appendix B.2.2,
we formalize two notions of exchangeability under which jury mechanisms are approximately

optimal with many agents.

B.2.1 Vanishing Informational Size is Insufficient for Approximate Optimality

of Jury Mechanisms

In this section, we show that jury mechanisms need not be approximately optimal for van-
ishing informational size. The building block is an environment with three agents that we
later expand to have many agents. The key properties of the environment are as follows:
(1) at each type profile in the support of the type distribution, exactly two agents have a
peer value of 1, while the other agent has a peer value of 0. Further, an agent’s peer
value is 0 if the reports of the others is outside the support.
(2) The information of an individual agent correctly identifies only with probability 2/3
which of the other two agents has a peer value of 1 (possibly both).
(3) Each individual agent has a peer value of 1 at only 2/3 of all type profiles in the support
of the type distribution.
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In such an environment with three agents, the argument for why ranking-based mechanisms
outperform jury mechanisms is as follows. Informational size is at most 1/3 at every profile
since agents influence the ranks only through the tie-breaking rule. Property 1 implies that
the ranking-based mechanism with threshold p = 2/3 always selects an agent with peer
value 1; indeed, an agent with peer value 1 has rank 2/3 or less regardless of what this agent
reports, while an agent with peer value 0 has rank 1; thus at each profile the two agents
with peer value 1 both enjoy a winning probability 1/(np) = 1/2. However, properties 2 and
3 imply that each jury mechanism obtains at most 2/3. Indeed, if there is a single juror,
then property (2) implies the juror finds the best candidate only with probability 2/3. For
fewer or more jurors, the jury mechanism is constant, and hence property (3) implies that
the constantly chosen candidate is the best only with probability 2/3.

An explicit environment with the above three properties is as follows. For each of the
three agents, the type space is {1, 2, 3}. Consider the following odd 9-hole H in the feasibility
graph:

('7 1, 1)? (27 '7 1)7 (27 2, ')7 ('7 2, 2)7 (37 ) 2)7 (37 3, ')7 ('7 3, 3)7 (17 ) 3)7 (17 L, )
Let T denote the set of type profiles traversed by this odd hole; that is,
T = {(17 17 1)7 (27 17 1)7 (27 27 1>7 (27 27 2)7 (37 27 2)7 (37 37 2)7 (37 37 3)7 (17 37 3)7 (17 17 3)}

The distribution of type profiles is uniform over T (i.e., u(f) = §1(f € T) for all § € O)
and peer values are given by u;(6_;) = 1((¢,0—;) € H). Properties (1) and (3) are immediate
from the construction. For property (2), it suffices to note that for every distinct agents i
and 7 and type 6;, agent j has a peer value of 1 at no more than two of the three type profiles
where 7’s type is 6;; for example, for i = 3 and 03 = 1, agent 1 has a peer value of 1 only at
(1,1,1) and (2,1,1) (but not at (2,2,1), while agent 2 has a peer value of 1 only at (2,1, 1)
and (2,2,1) (but not at (1,1, 1).

We now expand the above example to have many agents and so that informational size
vanishes as the number of agents diverges and regularity holds. Let the number of agents
n be an integer multiple ¢ of 3. Partition the agents into ¢ groups of 3 so that within
each group the agents are labeled with three consecutive integers (the labeling only matters
for the tie-breaking rule). For each group, fix an auxiliary environment for three agents
as above. Define the environment (for n agents) by letting all variables from the auxiliary
environments be independent across groups. (Thus, for example, Nature takes ¢ independent
uniform draws from the set T' defined above.) Informational size is at most 2/n at every

type profile in the support since each agent cannot influence the peer values of the agents
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belonging to other groups, and since within each group each agent influences the rank only
through the tie-breaking rule.?® Further, as n — oo the sequence of environments is regular
since two thirds of the agents all have the highest peer value of 1. As before, a ranking-based
mechanism (with, say, threshold 2/3) always selects an agent with the highest peer value.
Now consider a jury mechanism. Fix a realization of the types of the jurors. For each group
¢, the jurors find a candidate from group ¢ with peer value 1 only with probability 2/3; this is
because the types of jurors outside of group ¢ are uninformative about candidate in group ¢,
and because the jurors from group ¢ only find such a candidate with probability 2/3. There
is only one good to allocate, and thus regardless from which group the principal selects a
candidate using the types of the jurors, the principal finds a candidate with peer value 1

only with probability 2/3. Thus, the expected utility of each jury mechanism is at most 2/3.

B.2.2 Sufficient Conditions for Approximate Optimality of Jury Mechanisms

In this part of the appendix, we formalize two notions of exchangeability under which jury
mechanisms are approximately optimal with many agents. We focus on environments in
which agents receive conditionally independent signals about the values of each other.
An information structure with conditionally independent signals specifies the following

for every ¢ € N:

(1) a distribution f; whose support supp f; is finite and contained in [—1, 1];

(2) for every j € N distinct from i a finite set S/ and a function g/ that assigns to each

u; € supp f; a distribution over S’ij .

Given an information structure with conditionally independent signals and n € N, the envi-
ronment with n agents works as follows. The values ug, ..., u, are independent across agents

1 to n with respective marginals fi,..., f,. Conditional on w;, each agent j other than ¢

J

observes a signal o7 about u; drawn from ¢/ (-|u;). Thus, each agent j's type is (o7 Jicin]: its-

Conditional on (uy, ..., u,), the signals (o7 )iz; are independent. Thus, the probability of a
profile ((wi)icp), (07)ijem): iz) 18 Tl jen): ivg filui)gl (o [uy).

Nothing in the analysis would change if an agent ¢ also observed their own value since
this information cannot be used to determine agent i’s allocation (by DIC) and since agent
i’s value is uninformative about the other agents’ values (by independence of the values).

Fix an information structure with conditionally independent signals.

e Agents are exchangeable as suppliers of information if for all i € N the set of possible

signals S7 and the conditional distributions (g7 (+]%i))usesupp ; do not depend on j.

28For this argument, the partition of the agents into groups should be chosen so that the agents within a
group are labeled with three consecutive integers. Since ties are broken in favor of agent i versus agent j if
and only if ¢ < j, it follows that each agent can influence their own rank by at most 2/n.
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Intuitively, for all ¢ and j, the information that j can potentially provide about ¢ does
not depend systematically on j’s identity.

e Agents are exchangeable as recipients of the good if the marginal distributions f; do
not depend on ¢ and for all 7 € N the set of possible signals Sij and all conditional
distributions (g7 (-|%))uesupp 7, do not depend on .

Intuitively, for all 7 and j, neither the value of allocating to ¢ nor the information that

J can potentially provide about ¢ depend systematically on 4’s identity.

Theorem B.1. Consider an information structure with conditionally independent signals in
which agents are exchangeable suppliers of information or in which agents are exchangeable as
recipients of the good. As the number of agent diverges, the difference between the principal’s

expected utility from an optimal jury mechanism and an optimal DIC mechanism vanishes.

We provide a proof sketch that is straightforward but notationally tedious to verify. For
this proof, it is crucial that the information structure is fixed. (By contrast, our result for
ranking-based mechanisms, Theorem 7.2, does not require a fixed information structure.)

Suppose agents are exchangeable as suppliers of information. Let n € N. In the environ-
ment with n agents, let U™ denote the expected utility from always allocating to an agent
with the highest peer value. Each DIC mechanism in the environment with n agents obtains
at most U". We show that U™ is attainable in the environment with 2n agents using a jury
mechanism. The sequence (U™),ey converges,? and hence the theorem follows. For all n,
the value U™ is generated by the following mechanism ¢" (which need not be DIC). The
principal collects the entire profile of signals (af )ijeln): iz, and then allocates to an agent
1 for which the expected value of u; conditional on (af )jen]: i#; s maximal across ¢ € [n].
Now consider the following jury mechanism with 2n agents: agents 1 to n are the candidates,
agents n+ 1 to 2n are the jurors. For each j € [n], the principal collects from juror n+ j only

n—+

the signals (o]

; I )ic[n]: i=j- The principal treats the signals thus obtained in the same way

that ¢ would treat the signals of agent j. That is, the principal selects a candidate i with
the highest expected value u; conditional on (o} +i )icn]: i+j- The only difference between this
jury mechanism and ¢" is that for each ¢ € [n| the conditional expected value of agent i is
computed using n — 1 signals originating from agents n + 1 to 2n instead of n — 1 signals
originating from [n]\ {i}. But agents are exchangeable as suppliers of information, meaning
that the signals about wu; are conditionally iid. across all agents other than ¢. Thus, the
origin of the signals is irrelevant for determining the conditional expected value of u;. Thus,

the described jury mechanism achieves the same expected utility as ¢".

29The sequence converges since it is bounded and increasing. Boundedness is immediate since values
are in [—1,1]. Monotonicity follows since the information structure is held fixed as the number of agents
increases. Thus, the principal has the option of ignoring agents who are added to the environment.
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If agents are exchangeable as recipients of the good, a similar argument applies. We now
construct a jury mechanism in which agents n+1 to 2n substitute for agents 1 to n whenever
one of the latter is selected to receive the good by ¢". That is, agents 1 to n are the jurors,

agents n + 1 to 2n are the candidates. For all j € [n], the principal collects from juror j only

-----

i € {n+1,...,n} in the same way that ¢" would treat the signal of j about n—i. Since agents
are exchangeable as recipients, the conditional value of allocating to agent i € {n+1,...,n}
given the elicited signal profile equals the conditional value of allocating to agent n — ¢ if
the same profile of signals had been reported about about n — ¢. Thus, the described jury

mechanism achieves the same expected utility as ¢".

B.3 A Strong Symmetry Condition Makes Peer Information Unin-

teresting

In this part of the appendix, we show that no DIC mechanisms that always allocates the
good can meaningfully elicit information from the agents if the environment meets a strong
symmetry condition.

In this part of the appendix, for every agent i, the value u; has only finitely many
possible realizations. We write p(uq, ..., uy,,01,...,0,) for the joint probability of a profile
(u1,...,u,) of values and a profile (6, ...,60,) of types.

Let = denote the set of permutations of [n]. The environment is symmetric if all type

spaces agree (O = ... = 0,) and all permutations £ € = satisfy

,u(ul, “o ,un,ﬁl, oo ,Qn) = ,u(ug(l), cen 7u§(n)79§(1)7 NP ,Gg(n)).

In the main text (Section 9), we alluded to the following special symmetric environment:
each agent’s type equals their value (6; = u; with probability 1) and the distribution of values

is invariant to permutations.

Theorem B.2. In a symmetric environment, the principal’s expected utility equals Elu;] in

every DIC mechanism that always allocates the good.

Intuitively, symmetry is too strong for peer selection since it implies that even the infor-
mation of n — 2 agents is insufficient for distinguishing between the remaining two agents,
i.e. E[u;|0_;;] = Elu;|0_;;] for all distinct ¢ and j and types 6_;; of the others. (This intuition

30We exclude the signal if i = n+ j since ¢ computes each agent’s conditional expected value using n — 1
signals. Thus, to replicate ¢", we delibaretely choose the jury mechanism to also use only n — 1 signals for
each conditional expected value.
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is incomplete, though, since j’s information could also be used to determine whether ¢ wins
but not whether j wins.)

The proof is based on the following stronger claim: if ¢ is DIC, always allocates, and is
such that, for all 7, the allocation ¢;(6_;) is invariant with respect to permutations of 6_;,
then ¢ is constant. This claim implies Theorem B.2 since, as we show, it is without loss to

focus on such permutation-invariant mechanisms if the environment is symmetric.

Proof of Theorem B.2. For a moment, let us denote each agent’s allocation as a function of

the entire type profile. Say a DIC mechanism ¢ is symmetric if all permutation £ € = satisfy

Gi(01, .-, 0n) = qe-10) (Or)s - - -+ Oe(m))- (B.1)

Here, (0¢1), - - -, 0¢(n)) is the profile where the type of an agent i is f¢(;), which in turn is the
type of agent £(i) in the original profile (61, ...,60,). Symmetry says that agent i’s winning
probability at the permuted profile equals £(7)’s winning probability in the original profile.

We first verify the expected result that in a symmetric environment, given an arbitrary
DIC mechanism ¢ that always allocates, there is a symmetric DIC mechanisms that always
allocates and that generates the same expected utility as ¢q. Indeed, consider the mechanism
¢’ define for all i € [n] and (04, ...,0,) € © by

, 1
G0, 0h) = — D ae1) Oy - Oem)-

" geE

One may verify that ¢’ is DIC and always allocates. By construction, ¢’ is symmetric. We

show that ¢ and ¢’ generate the same expected utility for the principal. It holds:

Ulg) = plun, . un, 01, 00) i1, .. O )

u,0,1

1
= ZmZu(ul,...,un,Ql,...,Hn)qi(Ql,...,Qn)ui

ez u,0,i

1
=> o D iy, - ey, Ocry, - - Oen) G (Ber)s - - » By tean;

EeE u,0,1

here the first equality is by definition, the second is clear, and the third is a change of vari-
ables in the summation (since for each fixed permutation £ the map (u1, ..., up,,01,...,60,) —

(Ugqy, - - - > Ug(n), Og(1)s - - -, Oe(n)) Tanges over all profiles of values and types). Since the envi-
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ronment is symmetric, we get

1
Ulg) =Y D> ulun st O, B3Oy - Oy iy

£e= u,0,i

By another change of variables, for each fixed &, u, 6, we have
> 6ilOcry, -, Oe)uety = D de-1(Beqrys - - - Oey
Thus

1
U(q) = Z E Z ,u(ul, ey Up, 91, e ,Hn)ng(i)(eg(l), e ,Hg(n))ui.

€2 T b,

The right side is simply the expected utility from ¢'.

To complete the proof, it suffices to show that every symmetric DIC mechansims that
always allocates yields an expected utility of E[u;]. We show that every symmetric DIC
mechanism ¢ that always allocates is actually constant. The claim then follows since, by
symmetry of the environment, every constant mechanism yields E[u,].

For each agent 7, we again drop i’s report from ¢’s allocation. Symmetry of ¢ implies that
¢;(0_;) is invariant to permutations of _; (consider (B.1) for permutations £ such £(i) = ).

For this proof, we introduce some special notation. Recall that the agents share the
common type space ©O1. A generic type in ©; is denoted t. A generic type profile of n — 1
types is denoted t. The space T of such t equals the (n — 1)-fold product of ©;. Thus,
agent i’s allocation when the others report ¢ equals ¢;(t), and this allocation is invariant to
permutations of t.

Given t = (t1,...,t,—1) € T and j € [n — 1], we denote by t_; the profile of types in
t other than t¢;; that is, t_; = (¢1,...,t;-1,%j41,...,t,—1). For a type ¢’ € ©;, we then
denote by (',t_;) the profile of n — 1 types obtained from ¢ by replacing t; by t'; that is,
(' t_;) = (tr, ..ttt o t).

For the proof, it shall be useful to consider the behavior of an agent’s winning probability

at profiles of the form (¢',t_;) as we vary j. We establish the following auxiliary lemma.

Lemma B.3. Leti € [n]. Allt',t" € ©) and t € T satisfy

—

n—

(a:(t',t-) — qi(t" ;) = 0.

<.
Il

Proof of Lemma B.3. For notational simplicity, we only prove the claim for i = n (later
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commenting on how to adapt the notation for the general case). Denote t = (t1,...,t,_1).

In an intermediate step, let j be an agent distinct from agent n. We show

Gl 85) — au(t'6-5) = q;(1"85) — q,(F, B,). (.2)

Note that t_; is a profile of n — 2 types. Suppose the n — 2 agents other than ¢ and j report
t_; = (t,....tj—1,tj41,...,ta—1). Let €' be the profile where agent n reports ¢, agent j
reports ¢, and agents other than n and j report t_;. Let §” be the profile obtained from 6’
by permuting n’s and j’s reports. Since ¢’ and 0" differ only in a permutation of n’s and j’s
reports, the allocation of agents other than n and j is the same across ¢ and 6”. Since the

object is always allocated, the sum of n’s and j’s allocation is also the same across # and
0". Thus:

(" t5) + gt t_5) = qu(t', t_;) + q;(t", t_;);

the left side is the sum of n’s and j’s allocation at ', the right side the sum at ”. Rearranging
yields (B.2).

Next, we sum (B.2) across all j € [n] distinct from i. Recall again that t = (¢,...,t,_1)
is a profile of n — 1 types. Consider the profile where agents 1 to n — 1 report ¢, and agent n
reports #. At this profile, for all j distinct from, agent j’s allocation equals ¢;(¢',t_;), while
n’s allocation is g, (t). Since the object is allocated, we have > ., q;(t',t—;) = 1 — qa(?).
By a similar argument, we have ., ¢;(t",t_;) = 1 — ¢,(¢). Thus summing (B.2) across

n—1

g€ n]\{i} vields > (g.(t',t_;) — qu(t",t_;)) = 0, as desired.
=1
For the general case (where i not need equal n), the argument is analogous. One should

now think of ¢ = (¢1,...,t,_1) as the reports of all agents other than i (for some fixed
assignment of these agents to t¢1,...,t,-1). The profile t_; should be thought of as the
profile t except j’s type. n

We next use Lemma B.3 to complete the proof. Let ¢ € [n] be arbitary. We show i’s
winning probability is constant in the reports of others. To that end, let us fix an arbitrary
type t* € T. For all k € {0,...,n — 1}, let T} denote the subset of profiles in 7" where
exactly k-many entries are distinct from ¢*. Let p; denote ¢’s winning probability when all
other agents report t*. We will show via induction over k£ that ¢’s winning probability is equal
to p; whenever the others report a profile in T. This completes the proof since T' = UZ;éTk.

Base case k = 0. Immediate from the definitions of p; and Tj.

Induction step. Let k > 1. Suppose all t € Ub 3T, satisfy ¢(t) = p;. Letting t € Ty be
arbitrary, we show ¢;(t) = p;.

51



Denote t = (t1,...,t,). Since ¢;(t) is invariant to permutations of ¢, we may assume that
exactly the first k entries of t are distinct from ¢*, while all other entries equal ¢*. That is,
t=(tn,. .. te,t5 ... ).

Let t = (t1,...,t,_1,t*, ..., t*) be the profile obtained from t by replacing ¢, by t*. We

now invoke Lemma B.3 to infer
n—1 n—1
Zqz'(tk’tfj) = Zqz(t*,t,]) (B3)
j=1 j=1

Consider the profiles appearing in the sum on the left of (B.3) as j varies from 1 to n — 1.
(1) Let j < k — 1. Since exactly the first k — 1 entries of ¢ are distinct from #*, it follows

that (¢x,t_;) is another profile where exactly k& — 1 entries differ from t*. Hence the
induction hypothesis implies q;(t,t_;) = p;.
(2) Let j > k — 1. In the profile (t,t_;), the first k — 1 entries are ¢1,...,t;_1, the j'th

entry is ¢, and all remaining entries are t*. Hence (t;,t_;) is a permutation of £. Thus

qi(tk, t—5) = q;(t).
n—1 ~
Hence the sum on the left-hand side of (B.3) is given by > ¢i(t,t—;) = (k—1)p;+(n—k)q;(t)
=1

Now consider the sum on the right-hand side of (B.3). For all j, the profile (t*,%_;)
contains at most (k — 1)-many entries different from ¢* since ¢ contains k entries different
from t*. By the induction hypothesis, therefore, the sum on the right-hand side of (B.3)
equals (n — 1)p;.

Equation (B.3) thus simplifies to (kK — 1)p; + (n — k)q:i(t) = (n — 1)p;. Equivalently,
(n —k)(q:(t) — p;) = 0. Since k < n — 1, we conclude ¢;(t) = p;, as promised. O

B.4 Mandatory Allocation

B.4.1 Preliminaries

Let @ denote the set of DIC mechanisms ¢ that always allocate, i.e. Zie[n} ¢;(0_;) = 1 holds
for all 6 € ©. Let ext () denote the set of extreme points of ().

It holds ext ) C ext Q since a DIC mechanism that always allocates can only be repre-
sented as a convex combination of other DIC mechanisms that always allocate.

As before, let G denote the feasibility graph, and let V' = Ujcp({i}) x ©_; denote its
vertices. Let S denote the set of stable sets S of G such that |[S N X| = 1 holds for all
maximal cliques X. The map q — {v € V: ¢(v) = 1} is a bijection from Q to S.
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B.4.2 Results

The next theorem characterizes when all extreme points of Q are deterministic. The only
difference to the characterization for ) (Theorem 5.1) is in the threshold value for the number

of agents.

Theorem B.4. All extreme points of Q are deterministic if and only if at least one of the
following s true:

(1) there are at most three agents (n < 3);

(2) all type spaces are binary (|0;| <2 for alli € [n]).

(Recall that the model assumes n > 2 and |©;| > 2 for all ¢ € [n].

Proof of Theorem B.J. The proof of Theorem 3.1 shows that all extreme points are deter-
ministic if n < 3. If all type spaces are binary, the claim follows from Theorem 5.1 and
the inclusion ext Q) C ext (). Finally, suppose there are at least four agents and at least one
type space is non-binary. Without loss, let agent 1 have a non-binary type space. Theo-
rem 5.1 implies there exists a stochastic extreme point of the set of DIC mechanisms (that
need not always allocate) for agents 1, 2, and 3. View this mechanism as a DIC mechanism
that always allocates for agents 1 to n where all reports of agents 4 to n are ignored. This

mechanisms is an extreme point of (). n

Remark B.5. In Lemma A.3, we showed that () admits a stochastic extreme point if and
only if G admits an odd hole of length 7 or greater. Only one direction of this equivalence
carries over to (). Namely, if Q admits a stochastic extreme point, then G admits an odd hole
of length 7 or greater. However, if n = 3, then all extreme points of Q are deterministic even

though G admits an odd hole of length 7 or greater if at least one type space is non-binary.

The next theorem provides an of analogue Theorem 5.2: essentially all extreme points of
@ are stochastic if n > 4 and type spaces are large. For the sake of simplicity, we focus on

the case where the agents’ type spaces all have the same cardinality.

Theorem B.6. Fiz n > 4. Suppose the agents have a common type space (01 =...=0,)
which has cardinality m € N. For all € > 0 there exists m. € N such that if m > m,, then
}det Q| <e ’ext Q’ .

The proof, presented further below, is more challenging than the one for Theorem 5.2.
Next, we provide a characterization of stochastic extreme points via odd holes, analo-
gously to Theorem 5.3. As in the main text, for a mechanism ¢ € Q a stochastic component

of q is an inclusion-wise maximal connected set of vertices v of G such that ¢(v) € (0, 1).
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Theorem B.7. Let q be a stochastic DIC mechanism that always allocates. If q is an extreme
point of Q, then every stochastic component of q contains an odd hole. The converse holds
if q(v) € {0,%,1} for allv € V.

’ 920

Proof of Theorem B.7. First, let ¢ € ext Q. Since ext Q C ext @, we can invoke Theorem 5.3

to infer that each stochastic component of ¢ admits an odd hole.

1
B " )9
an odd hole. Since g € @ and Q) C @), Theorem 5.3 implies ¢ is an extreme point of ). Using

Second, suppose ¢ only takes values in {0, 2,1} and that each of its components admits

again ¢ € Q and Q C @Q, it follows that ¢ is also an extreme point of Q. n

Next, we show that the problem of determining an optimal deterministic DIC mechanisms
that always allocates is NP-hard if n > 4. This result follows immediately from Theorem 6.1,

but we include the definitions for the sake of completeness.

Definition 8 (OPTDETMA-n). For n € N, let OPTDETMA-n be the following optimization
problem (“MA” stands for mandatory allocation). The input consists of finite sets O, ..., 0,
and weights w; : ©_; — Z for all ¢ € [n]. The problem is to find a deterministic DIC
mechanism ¢ (for n agents with respective type spaces O1,...,0,) that always allocates
and that maximizes ), , w;(6_;)qi(0—;) across all deterministic DIC mechanisms that always

allocate.
Theorem B.8. Ifn >4, then OPTDETMA-n is NP-hard.

Proof of Theorem B.S. Consider the instances of OPTDETMA-n where at least one agent
has a singleton type space and a weight constantly equal to 0. Each such instance corresponds
to an instance of OPTDET-(n — 1). Since n > 4, Theorem 6.1 implies that OPTDET-(n — 1)
is NP-hard. Thus OPTDETMA-n is also NP-hard. O

Remark B.9. If n < 3, then optimal deterministic must-allocate DIC mechanisms are
computable in polynomial time. Indeed, according to Theorem 3.1 it suffices to restrict
attention to jury mechanisms that always allocate. It is easy to see that the optimal juror

can be found in polynomial time.

B.4.3 Proof of Theorem B.6

We introduce some useful terminology. For all i € [n], the set V; = {i} x ©_; is the set of
i-vertices. Given a vertex v = (4,0_;) and j distinct from i, we say 6, is the type of j at
v. Given distinct ¢ and 7, two i-vertices and are j-translates if there is a j-vertex that is

adjacent to both of them; equivalently, the i-vertices coincide exactly except for possibly in
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the type of agent j. To be sure, an i-vertex is a j-translate of itself. A j-vertex is adjacent
to an i-vertex v only if it is adjacent to all j-translates of v.

Recall |S| = |det Q|. Recall also that the agents have a common type space with cardi-
nality m. By possibly relabelling types, thus ©; = {1, ..., m} for all i € [n].

We show that for all integers L > 4 there exists m; € N such that if m > my, then
S| (14 £) <|ext @], which proves Theorem B.6. In what follows, fix an integer L > 4.

We now define the central notion of the proof—regularity—which identifies odd holes and
stable sets that intersect in a particular way. (This regularity notion has no connection to

the regularity notion which we discussed in the context of ranking-based mechanisms.)

Definition 9 (Regularity). Let S € S. Let H be a set of vertices. Let (v1,...,v9) be an
odd hole. Let i, j, k, ¢ € [n] be distinct. The tuple (S, H, vy, ..., v9,1,J, k,{) is reqular if
(1) H is the set of (-translates of {vy,...,v9}, and H C V; U V; UV}, holds.
(2) For all vertices w, if w is in S and adjacent to two distinct vertices in H, then w is an
(-vertex.
(3) For all vertices w, if w is an f-vertex that is contained in a maximal clique that also
contains two vertices in H, then w € S.
The triple » = (5, H, () is regular if there exist {vy,...,vo} and 4,7,k € [n] such that
(S,H,vy,...,09,1,...,0) is regular.

If (S, H,?) is regular, the choice (vy,...,v9,1,7, k) is unique up to the type of agent ¢
(which is held constant across vy, ..., v9), and the labelling of the vertices vy, ..., vo.

We next address the existence of regular tuples.

Lemma B.10. There exists my € N such that if m > mp, then for all S € S there exists
¢ € [n] and at least L distinct sets H such that (S, H,{) is regqular.

Proof of Lemma B.10. We use the following special case of Theorem 9.2 of Promel (2013).

Lemma B.11. There ezists my, € N such that, if m > my,, then for all ¢: © — [n] there exist
©7 C O4,...0 C O, such that q is constant on X, 0%, and such that min{|O7|,... 0|} >
L holds.

Recall that there is bijection between @ and S. Hence:

Corollary B.12. There exists m;, € N such that, if m > my, then for all S € S there
exists £ € [n] and ©7 C ©4,...0% C O,, such that min{|O7|,...,|0%|} > L and such that all
0_¢ € X, 2007 satisfy ((,0_¢) € S.

Let my, meet the conclusion of Corollary B.12, and let m > my. Let S € S, and let

OF X ... x O} be as in the conclusion of Corollary B.12. Now let 4, j, and k be three agents
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distinct from ¢ (recall n > 4). Let _ € X,¢1ijk0y©; be an arbitrary profile of types of agents
other than 4, j, k, and ¢ (assuming such agents exist). Let 6, € ©, be arbitrary.

We next describe the construction of a family of regular tuples. Since L > 4, for all
v € {4, 4, k}, we may select three distinct types 6,62, 6? from ©F. Now consider the following

set of vertices (here, we denote, say, vertices of agent i by (- ,8}, 01,00,0_), etc.):

= (.0}, 01, 00,0-)
= (67, 0. 0, 0-)
(9127932, 5 0e,6-)
= (-,0%,0%,0,,6_)
(917 >9k:9£: ) (B.4)
= (67,65,-,6,,6-)
= (- ,05’,9 0,0_)
= (07,07, 0¢,0-)
= (6;,6;,-,00,0-)
By inspection, (vq,...,v9) is an odd hole. Let H denote this odd hole and all its /-
translates. We show that the tuple (S, H,v1,...,v9,1,J,k,¢) is regular for each selection
of 6’11,012,9?,0]1,9?,05’,%,02,02. That is, we show
(1) H is the set of {-translates of {vy,...,v9}, and H C V; UV; UV}, holds.
(2) For all vertices w, if w is in S and adjacent to two distinct vertices in H, then w is an
(-vertex.
(3) For all vertices w, if w is an f-vertex that is contained in a maximal clique that also
contains two vertices in H, then u € S.
Property (1) is immediate from the construction of H.

Consider property (2). Consider a vertex w that is not an ¢-vertex but that is adjacent
to two distinct vertices v and ¢’ in H. We show u ¢ S. Assume v is an i-vertex (the other
cases being similar). We first claim ¢’ is not an i-vertex. Towards a contradiction, suppose v/
is an i-vertex. Since v and v are (-translates of vertices in vy, ..., vg, there are two distinct
i-vertices ¥ and ¢’ in vq,...,v9 that are both adjacent to some ¢-translate of w. However,
since ¥ and ¢’ are both i-vertices, inspection of (B.4) shows that ¢ and ¢ must differ in at
least two types (of agents other than i), implying that there is no vertex adjacent to both
of them; contradiction. Thus ¢’ is not an i-vertex. Assume v’ is a j-vertex (the other case
where v’ is a k-vertex being similar). Now let w be a k-vertex. We know k # i (since w

would fail to be adjacent to v) and k # j (since w would fail to be adjacent to v'). Thus the
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types of all agents other than i and k agree at w and v, and the types of all other agents
other than j and k agree at w and ¢’. In particular, the types of agents other than k are
in the respective spaces O7,...,0;. We also have k # ¢ by assumption. It follows that w
is adjacent to an f-vertex in which the agents other than ¢ all have types in the respective
spaces O7F,...,07; in particular, this ¢-vertex is in S. Since S is stable, we conclude that w
is not in S.

Turning to property (3), consider an ¢-vertex w adjacent to two adjacent vertices in H.
Since H includes all its (-translates, w is adjacent to two vertices in {vq,...,v9}. Suppose
these are the vertices vy and vy; the arguments for the other cases are similar. The unique
(-vertex adjacent to vy and v, is the vertex(67,6;,6y,-,0_;). Given the choice of the sets

I,...,07, this f-vertex is in S, as promised.

Lastly, by varying the initial choices of (6], 67, 67), (6],67,6%), and (6,63, 67), respectively,

from ©F, ©7,,, and © respectively, and using that each of O, ©

at least L elements, we obtain L distinct sets H (in fact, we obtain more than L, but L is

*

ims and O - contains

*
k,m>

all we need for the argument). O

Let my meet the conclusion of Lemma B.10. As described earlier, we complete the proof

by showing that if m > my, then

S| (1 + %) < |ext Q.

In what follows, let m > my.

For a later part of the argument, it shall be more convenient to work with regular triples
(S, H,¢) where / is fixed to be agent n. To that end, define S* as the set of S € S for which
there exist at least L distinct sets H such that (S, H, n) is regular. If (S, H, ¢) is some regular
triple, then permuting the roles of agents ¢ and n gives another regular triple; this step uses

that all agents have the same type space. Thus:
S| < nlS*. (B.5)

We make some more auxiliary definitions. Let r = (S, H, ¢) be regular.

(1) Let N(H) denote the set of vertices that are adjacent to at least one vertex in H.

(2) Let Q, denote the ¢-vertices that are contained in a maximal clique that also contains
two vertices in H; that is, the ¢-vertices considered in point (3) of the definition of
regularity. Regularity requires €2, C S.

(3) Let Vi \ N(H) be the set of l-vertices that are non-adjacent to all vertices in H.

(4) Let Vi = (S\ Q) UH U (V;\ N(H)), and let G[V,?] be the subgraph induced by V.
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(5) Let K, denote the set of connected components of G[V,]. Define K, = U{K' €
Kr: K'NH # 0} as the set of vertices in those connected components that have a
non-empty intersection with H.

We next describe a family of candidate stochastic extreme points.

Definition 10. For all regular r» = (S, H, (), let ¢,.: V — [0, 1] be the function defined by

5, ifvek,
Voev, @r=141, ifveS\ (2 UK,)
0,

else.

Lemma B.13. Ifr = (S, H, /) is regular, then q, is feasible and a stochastic extreme point
of Q.

Proof of Lemma B.15. To begin with, provided we can show that ¢, is in Q, it follows
immediately from Theorem B.7 that ¢, is a stochastic extreme point of Q. Thus we show
@ € Q.

Let X be a maximal clique. We have to show ¢.(X) = 1, where we denote ¢.(X) =
ZUEX q(v).

We first observe:

(1) it holds |X N H| < 2. Indeed, suppose towards a contradiction | X N H| > 3. By
definition of H, there is an odd hole H such that H is exactly the set of (-translates
of H. Hence we infer from |X N H| > 3 that H contains a clique of three vertices,
contradicting that H is a hole.

(2) HN'S = (. Indeed, each vertex in H is adjacent to another vertex in H. Hence
H NS = () follows since each maximal clique contains an /-vertex, the definition of €2,,
and the inclusion €2, C S.

Since S € S, there exists v € X N.S. To show ¢,(X) = 1, we proceeds in several steps.

First, suppose v € €,. By definition of €2,., there are distinct vertices u,u € H adjacent
to v. Since H contains all its /-translates, we may assume w and w’ are both in X. Further,
we have X N (S\ {v}) = 0 (since v € S and S is stable) and X N (H \ {u,u'}) = 0 (since
IXNH|<2)and XN (V,\ N(H)) =0 (since X N H # (). Hence ¢, assigns 0 to all vertices
in X \ {u,u'}. By definition of K., we have u, v € K., and hence ¢,.(X) = 1.

In what follows, suppose v ¢ €Q,.

As an intermediate claim, we show that XN (V,\N(H)) # 0 holds if and only if XNH = ()
holds. Indeed, if X N (V;\ N(H)) # 0, then we definitionally have X N H = (). Conversely,
if X N H =0, then the ¢-vertex in X (each maximal clique contains a unique (-vertex) is in
Vi \ N(H) since H is closed with respect to (-translations.
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The intermediate claim implies there is a vertex w € X N (H U (V; \ N(H))).

As a second intermediate claim, we show
XN((S\Q)UHU (Ve \ N(H))) = {w,v}.

Let w' in X be a vertex distinct from w and v. We know w’ ¢ S (since v € S and S is
stable). We know w’ ¢ H; for if w’ € H, then w would also be in H (by the intermediate
claim), implying that X contains two vertices in H; this contradicts v ¢ €),.. Finally,
W ¢ Vo \ N(H); for if ' € Vp\ N(H), then w would also be in V; \ N(H) (by the first
intermediate claim), implying that X contains two distinct ¢-vertices, which is impossible.
Thus XN ((S\ Q) UHU(V,\ N(H))) = {w,v}.

We know show ¢,(w) + ¢-(v) = 1. This establishes ¢,.(X) = 1 since

X0((S\ ) UHU (Ve \N(H))) = {w,v}.

If w # v, then since w and v are adjacent and in G[V;*] it must be that w and v are in
the same connected component of G[V,*]. (If w = v, then of course w and v are also in
the same connected component.) In particular, we have w € K, if and only if v € K.
Therefore, if w # v and v € K,., then ¢.(X) = ¢-(w) + ¢-(v) = ; f w # v and v ¢ K,
then ¢.(X) = ¢-(v) = 1. Lastly, consider the case w = v. From the choice of w we get
veSN(HU(WV,\ N(H)). We know SN H = ( holds, and hence v € V, \ N(H). It
follows that v is non-adjacent to all other vertices in S (by stability), non-adjacent to all
other vertices in (V; \ N(H)) (since all {-vertices are non-adjacent), and non-adjacent to all
other vertices in H (since v € V;\ N(H)). Hence {v} is a connected component of G[V,}]. In
particular, v cannot be contained in a component that intersects H since such a component

must contain more than one vertex (e.g., it contains an (-translate of vy,...,v9). Hence
qr(X) = ¢r(v) = L. H

We next establish that the mapping r — ¢, is injective for regular r that use the same

agent /.
Lemma B.14. Let r = (S, H, () and v = (S', H', l') be reqular. If ¢ = g and £ = ', then

r=r7.

Proof of Lemma B.1/. We first prove H = H'. We prove H C H’, the other inclusion being
analogous. Towards a contradiction, let v € H \ H'. Recall that H consists exactly of all
(-translates of some odd hole, and that H contains no f-vertices. In particular, there are

vertices wq,...,wq in H that form an odd hole and such that v = w; holds. Note ¢, = ¢,
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assigns 1 to all vertices wy, ..., wg. Hence wy, ..., wy are all in S"UH' U (V) \ N(H’)). Since
Wi, ...,wy are also all in H, and since £ = ¢ and H NV, = () hold, we infer that w,...,wy
are all in S"U H'. Now w; = v ¢ H' requires wy € S, and hence wq,wy € H'. By regularity
of ', we conclude that w; is an ¢-vertex. In view of w; = v € H and ¢ = ¢, this gives a
contradiction since H contains no /-vertices.

Lastly, we prove S = S’. The assumption ¢, = ¢~ implies S\ (Q, UK,.) = 5"\ (2 UK,)
and K, = K,». Using H = H’, a moment’s thought reveals €, = Q,.. Recalling also
the definitions of K, and K,,, the equalities H = H' and K, = K, and €, = €, also
imply (SN K,)\ Q. = ("N K,)\ Q.. Since K, contains no vertex in €2,, we also have
SNO)\K,=5SNQ. and (S N\ K, =5NQ. and SNQ.NK, =5NQ,.NK, =0.
Since also S\ (2 UK,) =5\ (2 UK) and (SN K,) \ Q. = (5N K,) \ 2, (as argued

earlier), we conclude S = 5'. O

We are now ready to prove
_ L _
S| (1 + —) < |ext Q).
n

Recall that we defined S* as the set of S € S for which there exist at least L distinct sets H
such that (S, H,n) is regular. Consider the correspondence R that assigns to each S € S*
such a set of L distinct tuples H. Lemmata B.13 and B.14 imply that the mapping r — ¢,
is an injection from the graph of R to the set of stochastic extreme points. We observed in
(B.5) that |S| < n|S*| holds. Hence

ext @] > 8| + [{r: (S.7) € graph R}| = |5] + 3 |R(S)|
SeS*

as desired.
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